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Abstract: We consider 3-dimensional conformal field theories with U(N)κ Chern Simons
gauge fields coupled to bosonic and fermionic matter fields transforming in the fundamental
representation of the gauge group. In these CFTs, we compute in the t’Hooft large N limit
and to all orders in the t’Hooft coupling λ = N/κ, the thermal two-point correlation
functions of the spin s = 0, s = 1 and s = 2 gauge invariant conformal primary operators.
These are the lowest dimension single trace scalar, the U(1) current and the stress tensor
operators respectively. Our results furnish additional tests of the conjectured bosonization
dualities in these theories at finite temperature.
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1 Introduction
The consideration of finite temperature effects is of central importance in the application
of quantum field theories (QFTs) for studying a wide variety of physical problems. In
condensed matter settings, these include for example the study of critical phenomena using
the tools of conformal field theory (CFT), transport properties and thermalization. In
the context of high energy physics and cosmology, some of these applications involve for
instance the study of finite temperature dynamics in gauge theories, quark-gluon plasmas
in heavy-ion collision experiments, and thermal phase transitions in the early universe.
The presence of finite temperature effects are also of great interest in the context of the
AdS/CFT correspondence [1], where thermal aspects of a class of strongly coupled quantum
field theories living on the boundary of asymptotically anti de-Sitter, AdS spacetimes, are
holographically related to the physics of black holes in the bulk dual gravitational theory
[2].
As in the case zero temperature, some of the basic observables in finite tempera-
ture QFTs are correlation functions of local operators. Generically in interacting non-
supersymmetric QFTs, these are difficult to compute outside the regime of perturbation
theory in the associated coupling parameters and therefore exact solutions are often hard
to come by. In this paper we consider a class of interacting CFTs, without supersym-
metry, in 3-dimensions, where remarkably thermal correlation functions can be computed
to all orders in the coupling constant. More specifically here, these CFTs are Chern Si-
mons theories based on the gauge group U(N) and involve coupling to either bosonic or
– 1 –
fermionic matter fields that transform under the fundamental representation of the gauge
group [3],[4]. There has been a plethora of recent activity regarding the study of these
theories. Part of the interest in these theories stems from the fact that they are effectively
solvable in the t’Hooft large N limit, thereby allowing the calculation of many observ-
ables to any order in the t’Hooft coupling parameter, λ. Moreover, these theories have
been conjectured to exhibit a fascinating web of strong-weak coupling bosonization duali-
ties which can be regarded as generalisations of level-rank dualities in pure Chern Simons
theory. Several computations, mainly at large N but exact in the t’Hooft coupling, have
been performed in these theories which furnish explicit checks of these dualities. For ex-
ample at zero temperature these include the calculation of planar correlation functions of
spin-s current operators in [4],[5],[6],[7],[8],[9],[10] and the S-matrix elements of fundamen-
tal bosons and/or fermions obtained after deforming the conformal theories by turning
on mass terms in [11],[12],[13],[14],[15]. These results have also revealed several novel
features, such as the modification of standard crossing symmetry rules for scattering am-
plitudes. On the other hand at finite temperature, which will be our main area of focus in
this paper, the exact in λ, thermal free energies have also been obtained for these theories
in [3],[16],[17],[18],[19],[20],[21],[22]. There are also a rich variety of thermodynamic phases
that have been studied including Gross-Witten-Wadia type phase transitions [23],[24]. At
finite temperature, many of the intriguing new aspects of these theories have their origin
in the presence of a non-trivial holonomy for the gauge fields around the thermal circle.
Chern Simons matter theories are also interesting in the context of gauge/gravity duali-
ties, since in the large N limit, these have been conjectured in [4],[3] to be holographically
dual to parity violating versions of Vasiliev’s classical higher spin theories of gravity in
4-dimensional AdS spacetimes [25],[26],[27],[28].
In this paper we will focus on the computation of finite temperature 2-point functions
in momentum space of gauge invariant single trace operators in the Chern Simons matter
theories alluded to above. In particular we will consider the lightest gauge invariant scalar
primary operator, the U(1) current and the stress tensor operator in these theories. The
thermal 2-point function of the spin s = 1 current operator has been previously obtained
in the so called Chern Simons regular fermion theory, exactly in the t’Hooft coupling and
perturbatively to leading order in t’Hooft coupling in the Chern Simons critical boson
theory in [29]. This provided a new test of the conjectured 3-d bosonisation dualities at
finite temperature. In this paper we will generalise their result for Critical Bosons to all
orders in t’Hooft coupling and also present a much simplified and compact representation
of their 2-point function in the Regular Fermion theory. Moreover, by considering the spin
s = 0 and s = 2 cases in this paper, one of our main goals here is to furnish additional
non-trivial checks of bosonization dualities at finite temperature in these theories. Let us
also note that in the absence of Chern Simons gauge fields, the CFTs that we consider are
simply vector models at finite temperature. We refer the reader to [30], [31] for calculations
of thermal correlation functions in for example O(N) vector models.
This paper is structured as follows. We begin with a summary of our main results
in Section 2 where we list out the particular Chern Simons matter theories under study
and then present the thermal 2-point functions of the spin s = 0, s = 1 and s = 2 gauge
– 2 –
invariant operators in these theories. In Section 3 we review some aspects of the thermal
holonomy in these theories and how its effects are taken into account in our computations.
Section 4, contains the detailed calculation of spin s = 0 thermal 2-point functions at large
N and exactly in the t’Hooft coupling for all the theories that we consider in this work.
Here we show explicitly that our results for the thermal correlators are indeed consistent
with the conjectured bosonization dualities. In Sections 5 and 6, we compute the thermal
correlators for the U(1) current and stress tensor operator respectively and also check their
duality transformation properties. We end in Section 7 by outlining several interesting
directions for future work. The appendices in Section A specify some of the notations and
conventions used throughout the paper and also contain further details on some of the
calculations.
2 Summary of Results
We have computed the thermal 2-point functions of gauge invariant operators with spin
s = 0, 1, 2, i.e., the scalar singlet, the U(1) current and the stress tensor operators in U(N)
Chern Simons gauge theories coupled to matter fields transforming under the fundamental
representation of the gauge group. All our results are obtained in the large N limit but
incorporate the all orders contribution with respect to the t’Hooft coupling λ = N/κ in
these theories. For the convenience of the reader we provide a brief synopsis of our main
results in this section. We first begin with a listing of the particular theories that are the
subject of our study in this paper.
2.1 List of theories
The class of theories under consideration here are 3-d conformal field theories involving non-
Abelian Chern Simons gauge fields coupled to either fundamental bosonic or fundamental
fermionic matter fields. We will take the gauge group to be U(N). Since we shall be
primarily working at leading order in the large N limit throughout this paper, the results
to be reported here will also continue to hold if the gauge group is instead SU(N). Now
the actions for the theories we deal with are given below in equations 2.1 to 2.4.
• Regular Bosons (RB)
SRB(φ) = SCS,κB +
∫
d3x
[
Dµφ
†Dµφ+
xB6
3!N2
(φ†φ)3
]
(2.1)
• Critical Bosons (CB)
SCB(φ, σB) = SCS,κB +
∫
d3x
[
Dµφ
†Dµφ+ σBφ†φ
]
(2.2)
• Regular Fermions (RF)
SRF (ψ) = SCS,κF +
∫
d3x ψ¯γµD
µψ (2.3)
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• Critical Fermions (CF)
SCF (ψ, σF ) = SCS,κF +
∫
d3x
[
ψ¯γµD
µψ + σF ψ¯ψ +
N
3!
xF6 σ
3
F
]
(2.4)
where Dµ = ∂µ + Aµ, and Aµ = A
a
µT
a is the Chern Simons gauge field. T a, a ∈
(1, . . . N2) are U(N) generators. We will use here the convention of [17], where Aµ is an
anti-hermitian matrix. The Chern Simons action denoted by SCS,κ in the above is given
by
SCS,κ = − iκ
8pi
∫
d3x µνρ
(
Aaµ∂νA
a
ρ +
1
3
fabcA
a
µA
a
νA
a
ρ
)
(2.5)
κ ∈ Z is the Chern Simons level and fabc are the structure constants of the Lie algebra
satisfied by the U(N) generators. We will subsequently study the above theories in the
t’Hooft large N -limit with λ = N/κ kept fixed. We will also employ lightcone gauge in all of
our calculations where A− = A1−iA2√2 = 0. As first noted in [3], the advantage of this gauge
choice is that the cubic interaction terms in the Chern Simons action in equation 2.5 vanish.
Moreover, the gluon propagators are tree level exact and do not receive corrections from
matter loops in this gauge, thereby leading to significant computational simplifications.
Now as noted in the introduction the Chern Simons matter theories listed above have
been shown to be related to each other via a remarkable web of bosonization dualities.
In particular the Regular Boson and Critical Boson theories have been conjectured to be
dual to the Critical Fermion and Regular Fermion theories respectively under the following
mapping of parameters [5],[17],[21]
NF = |κB| −NB, κF = −κB, |λF | = 1− |λB|, xB6 = 8pi2 (1− |λF |)2
(
3− 8piλFxF6
)
(2.6)
At finite temperature we also need to take into account the mapping between the
thermal mass of the fundamental bosons and that of the fundamental fermions. In [17] it
was shown that this map is given by µF (λF ) = µB(λB − sgn(λB)), where mF = β−1µF
is the thermal mass in the Chern Simons theories coupled to fundamental fermions and
mB = β
−1µB is the thermal mass for the elementary vector bosons, with β being the
inverse temperature.
2.2 Momentum space thermal 2-point functions
Let us now present our principal results on thermal 2-point functions in momentum space,
starting with the spin s = 0 case in section 2.2.1 and followed by the s = 1 and s = 2
cases in sections 2.2.2 and 2.2.3 respectively. Below we denote the lowest dimension gauge
invariant scalar, the U(1) current and the stress tensor operators that we have considered
in the Regular Boson theory by J
(0)
B , J
(1)
B and J
(2)
B respectively. In the Regular Fermion
theory these operators will be denoted as J
(0)
F , J
(1)
F and J
(2)
F . For Critical Bosons we use the
notation J˜
(0)
B , J˜
(1)
B and J˜
(2)
B . Similarly in case of Critical Fermions, we denote the operators
of interest via J˜
(0)
F , J˜
(1)
F and J˜
(2)
F .
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Here we have also restricted ourselves to a special kinematic regime where the external
momentum q, assigned to the operator insertions in 2-point correlation functions satisfies
q± = q
1±iq2√
2
= 0. This kinematic choice enables solving the relevant Schwinger-Dyson
equations, used to derive the thermal 2-point functions, exactly in the t’Hooft coupling λ
at large N .
2.2.1 Spin s = 0
Regular Boson 〈
J
(0)
B (−q)J (0)B (q)
〉
β
=
NB
4piλBq3
tan
(
q3β
2
FB(q3β, µB)
)
(2.7)
where
FB(q3β, µB) =
∫ ∞
y
dx xHB(x, q3β, µB) (2.8)
and
HB(x, q3β, µB) = 4i
pi
sgn(λB)
[
log
(
sinh
(
1
2
√
x2 + µ2B − ipi|λB |2
))
− c.c
]
√
x2 + µ2B
(
4x2 + 4µ2B + q
2
3β
2
) (2.9)
In the above c.c. denotes complex conjugations. q3 = 2pinqβ
−1 is the momentum along
the thermal circle and nq ∈ Z are Matsubara frequency modes. β−1µB is the thermal mass
of the fundamental bosons.
Regular Fermion〈
J
(0)
F (−q)J (0)F (q)
〉
β
=
iNF q3
4piλF
(
q3β
(
1− eiq3βFF (q3β,µF ))− 2isgn(λF )µF (1 + eiq3βFF (q3β,µF ))
q3β
(
1 + eiq3βFF (q3β,µF )
)− 2isgn(λF )µF (1− eiq3βFF (q3β,µF ))
)
(2.10)
where
FF (q3β, µF ) =
∫ ∞
y
dx xHF (x, q3β, µF ) (2.11)
and
HF (x, q3β, µF ) = 4i
pi
sgn(λF )
[
log
(
cosh
(
1
2
√
x2 + µ2F − ipi|λF |2
))
− c.c
]
√
x2 + µ2F
(
4x2 + 4µ2F + q
2
3β
2
) (2.12)
Critical Boson〈
J˜
(0)
B (q)J˜
(0)
B (−q)
〉
β
= −4piNBλB q3 cot
(
q3β
2
FB(q3β, µB,c)
)
(2.13)
Here β−1µB,c is the thermal mass in the Critical Boson theory. FB(q3β, µB,c) takes
the same form given by 2.8.
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Critical Fermion〈
J˜
(0)
F (−q)J˜ (0)F (q)
〉
β
=
4ipiNFλF
q3
(
q3β
(
1 + eiq3βFF (q3β,µF,c)
)− 2isgn(λF )µF,c (1− eiq3βFF (q3β,µF,c))
q3β
(
1− eiq3βFF (q3β,µF,c))− 2isgn(λF )µF,c (1 + eiq3βFF (q3β,µF,c))
)
(2.14)
Here β−1µF,c is the thermal mass in the Critical Fermion theory. FF (q3β, µF,c) takes
the same form given by 2.11.
2.2.2 Spin s = 1
Regular Bosons〈
J
(1)
B,−(−q)J (1)B,+(q)
〉
β
=
iNB
16piλBq3β2
(
eiq3βFB(q3β,µB) − 1
) (
q23β
2 + 4µ2B
)− NB
4piλB
X (0)
(2.15)
where
X (0) = λB
β
(
µB +
i
|λB|pi
[
Li2
(
e−µB+ipi|λB |
)
− Li2
(
e−µB−ipi|λB |
)])
(2.16)
Regular Fermions〈
J
(1)
F,−(−q)J (1)F,+(q)
〉
β
=
iNF
16piλF q3β2
[(
eiq3βFF (q3β,µF ) − 1
) (
q23β
2 − 4µ2F
)
+ 4isgn(λF )q3βµF e
iq3βFF (q3β,µF )
]
(2.17)
Critical Bosons〈
J˜
(1)
B,−(−q)J˜ (1)B,+(q)
〉
β
=
iNB
16piλBq3β2
(
eiq3βFB(q3β,µB,c) − 1
) (
q23β
2 + 4µ2B,c
)
(2.18)
Critical Fermions〈
J˜
(1)
F,−(−q)J˜ (1)F,+(q)
〉
β
=
iNF
16piλF q3β2
[(
eiq3βFF (q3β,µF,c) − 1
) (
q23β
2 − 4µ2F,c
)
+ 4isgn(λF )q3βµF,ce
iq3βFF (q3β,µF,c)
]
(2.19)
2.2.3 Spin s = 2
Regular Bosons〈
J
(2)
B,−−(−q)J (2)B,++(q)
〉
β
=
iNB
128piλBq3β4
(
1− eiq3βFB(q3β,µB)
) (
q23β
2 + 4µ2B
)2 − NB
48piλB
X 2(0) (3iq3 − 4X (0))
+
NB
12piβ3
µ3B −
iNB
4pi2|λB|β3
∫ ∞
µB
dx x
[
Li2
(
e−x+ipi|λB |
)
− Li2
(
e−x−ipi|λB |
)]
(2.20)
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Regular Fermions〈
J
(2)
F,−−(−q)J (2)F,++(q)
〉
β
=
iNF
128piλF q3β4
(
1− eiq3βFF (q3β,µF )
) (
q23β
2 + 4µ2F
) (
q23β
2 − 4µ2F + 4iq3β sgn(λF )µF
)
+
iNF
96piλFβ3
[
2µ2F (3q3β − 2isgn(λF )µF )− 3iq23β2 sgn(λF )µF
]
+
NF
12piβ3
µ3F −
iNF
4pi2λFβ3
∫ ∞
µF
dx x
[
Li2
(
−e−x+ipiλF
)
− Li2
(
−e−x−ipiλF
)]
(2.21)
Critical Bosons〈
J˜
(2)
B,−−(−q)J˜ (2)B,++(q)
〉
β
=
iNB
128piλBq3β4
(
1− eiq3βFB(q3β,µB,c)
) (
q23β
2 + 4µ2B,c
)2
+
NB
12piβ3
µ3B,c −
iNB
4pi2|λB|β3
∫ ∞
µB,c
dx x
[
Li2
(
e−x+ipi|λB |
)
− Li2
(
e−x−ipi|λB |
)] (2.22)
Critical Fermions〈
J˜
(2)
F,−−(−q)J˜ (2)F,++(q)
〉
β
=
iNF
128piλF q3β4
(
1− eiq3βFF (q3β,µF,c)
) (
q23β
2 + 4µ2F,c
) (
q23β
2 − 4µ2F + 4iq3β sgn(λF )µF,c
)
+
iNF
96piλFβ3
[
2µ2F,c (3q3β − 2isgn(λF )µF,c)− 3iq23β2 sgn(λF )µF,c
]
+
NF
12piβ3
µ3F −
iNF
4pi2λFβ3
∫ ∞
µF,c
dx x
[
Li2
(
−e−x+ipiλF
)
− Li2
(
−e−x−ipiλF
)]
(2.23)
3 Thermal Holonomy
An important aspect of gauge theories at finite temperature is the holonomy of the gauge
fields around the Euclidean thermal circle. The presence of a nontrivial holonomy crucially
affects the infrared dynamics of the finite temperature theory, since it constitutes the
lightest degrees of freedom at energies small compared to inverse radius of the thermal
circle. In the case of Chern Simons matter theories, the effects of the thermal holonomy
has been studied in details in [17, 18]. In order to incorporate the contribution of the
holonomy in our ensuing computation of thermal correlation functions, we will adopt the
prescription of [17], which we shall now briefly review.
Let us denote the gauge field holonomy as
a = i
∫ β
0
dx3 A3 (3.1)
– 7 –
where β = T−1, T is the temperature. x3 is the Euclidean time coordinate and A3 is
the spatial zero mode of the gauge field component A3(x). Thus,
A3 = 1
V2
∫
R2
d2~x A3(~x, x
3) (3.2)
Here V2 denotes the volume of the spatial manifold R2 in the presence of an infrared
cutoff, which can be taken to infinity at the end of the calculation. Let us also chose a
gauge where ∂3A3 = 0 and diagonalise A3.
Now in the large N limit, physical observables can be computed by treating the holon-
omy as a spacetime independent background gauge field. This is because at large N ,
the path integral over all possible configurations of eigenvalues of the holonomy matrix
will typically be dominated by a saddle point. In [17] it was shown that when V2T
2 is
parametrically larger than N , with V2 being the volume of the spatial manifold, then to
leading order in the large N limit, the saddle point configuration for the eigenvalues of the
holonomy a, tends to the following smooth distribution
aii → a(u) = 2pi|λ|u, u ∈
(
−1
2
,
1
2
)
(3.3)
Note that 3.3 is universal since it does not depend on the details of the matter content
and interactions of the particular Chern Simons matter theory under consideration. We
will be working with this distribution throughout the rest of this paper. Now the primary
effects of the inclusion of the holonomy in our calculations are twofold. First, all loop
momenta will get shifted as,
pµ → p˜µ = pµ − a
β
δµ,3 (3.4)
Secondly, we will often encounter terms involving functions of the holonomy together
with a trace over the fundamental indices carried by the matter fields. From equation 3.3
it follows that in the large N limit, the trace in such terms needs to be replaced by an
integral with respect to u as follows,
N∑
i=1
f(aii)→
∫ 1/2
−1/2
du f(2pi|λ|u) (3.5)
In the later sections we will refer to such integrals as holonomy integrals.
4 Thermal 2-point Functions: Spin s = 0
In this section we present the computation of the finite temperature two point function of
the lightest gauge invariant scalar primary operator in the spectrum of the theories listed
in section 2.1. In the RB and RF theories this operator will be denoted by J
(0)
B and J
(0)
F
respectively. On the other hand in the CB and CF theories, we shall use the notation J˜
(0)
B
and J˜
(0)
F respectively.
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4.1 Regular Bosons
In the regular boson theory, the operator J
(0)
B is the single trace operator given by φ
†
iφ
i.
The conformal dimension of this operator in the large NB limit is not renormalised and is
thereby equal to the scaling dimension in the free theory which is given by ∆(J
(0)
B ) = 1.
Now to obtain the finite temperature 2-point function for J
(0)
B we will first of all require
the thermal propagator of the fundamental boson φi. This result which has already been
computed in [17] in the large NB limit and to all orders in the t’Hooft coupling λB, is given
by 〈
φ†i (−p)φj(q)
〉
β
= Gji ((p)(2pi)
3δnp,nqδ
2(~p− ~q) (4.1)
where
Gji (p) =
(
1
p˜2 + β−2µ2B
)
ji
(4.2)
and
p˜µ = pµ − a
β
δµ3, p3 =
2pinp
β
, q3 =
2pinq
β
(4.3)
Here (np, nq) ∈ Z denote discrete Matsubara frequencies corresponding to the momen-
tum along the thermal circle. a is the holonomy of the gauge field along the Euclidean
circle. The thermal mass has been denoted by β−1µB. In [17] , µB was also calculated ex-
actly in the t’Hooft coupling at large NB and was shown to be determined via the following
equation
± µB = −|λˆµB|
2
− 1
2pii
|λˆ|
|λB|
[
Li2(e
−µB−pii|λB |)− Li2(e−µB+pii|λB |)
]
(4.4)
where
λˆ2 = λ2B +
xB6
8pi2
(4.5)
4.1.1 Finite temperature vertex factor for J
(0)
B
Following the strategy of [5] we will gear up towards the computation of the thermal two
point function by first obtaining the finite temperature vertex factor for J
(0)
B . The two
point function can be subsequently evaluated by joining two such vertex factors by a pair
of the fundamental boson propagators. Let us define the vertex factor to be〈
J
(0)
B (−q)φ†i (−k)φj(p)
〉
β
= V
(0)
B (q, k)δ
j
i (2pi)
3δnq+nk,npδ
2(~q + ~p− ~k) (4.6)
In [5] V
(0)
B (q, k) was calculated at zero temperature in the special kinematic configura-
tion where q± = 0, q3 6= 0. There it was argued that in this kinematic regime, the seagull
vertices coming from the φAµA
µφ† term in the action in equation 2.1 do not contribute
to the connected scalar 4-point function of the φi operator at large NB. As a consequence
the Schwinger Dyson equation for this vertex can be solved exactly to all orders in λB.
– 9 –
q
=
p
k
p
k
+
p
k
`
`− q
Figure 1. Diagrammatic representation of the Schwinger-Dyson equation for the exact vertex
factor V
(0)
B (q, k).
Turning on a finite temperature in our case does not change this conclusion. Henceforth
all of our computations will be performed in the regime q± = 0.
Now the Schwinger Dyson equation for the vertex factor in equation 4.6 is given by
V
(0)
B (q, k)δ
j
i = δ
j
i +
∫
D3`
[
Va,µ(k, `)G(`)V (0)B (q, `)G(`+ q)Va,ν(`+ q, k + q)
]j
i
Gνµ(k − `)
(4.7)
where the integration measure in the above integral is∫
D3` ≡
∫
d2`
(2pi)2
1
β
∞∑
n=−∞
(4.8)
The first term in the R.H.S. of the above equation corresponds to the vertex factor in
the free theory and
(Va,µ(k1, k2))ij = i(T ak˜µ1 + k˜µ2T a)ij (4.9)
is the vertex factor for the cubic interaction terms φ†∂µφAµ, φ∂µφ†Aµ in the action
2.1 and Gµν(p) is the gauge field propagator. In light cone gauge the only non vanishing
components of the propagator involve (µ, ν) ∈ (+, 3) and is given by
G+3(p) = −G3+(p) = 4pii
κB
1
p+
(4.10)
Now using the following relation for generators in the fundamental representation of
U(N)
T ajα1T
a
α4i = −
1
2
δjiδα1α4 (4.11)
we can simplify equation 4.7 to get,
V
(0)
B (q, k) = 1 + q
3
∫
D3` (`+ + k+)Tr
[
G(`)V
(0)
B (q, `)G(`+ q)
]
G3+(k − `)
= 1 +
4pii
κB
q3
∫
d2`
(2pi)2
(`+ + k+)
(`+ − k+)
1
β
∞∑
n=−∞
Tr
[
G(`)V
(0)
B (q, `)G(`+ q)
] (4.12)
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In the large NB limit, the trace in the above expression can be replaced by an integral
over the holonomy. This yields,
V
(0)
B (q, k)δ
j
i = 1 +
4ipiλB
β
q3
∫ 1/2
−1/2
du
∫
d2`
(2pi)2
(`+ + k+)
(`+ − k+)
∞∑
n=−∞
(
G(`)V
(0)
B (q, `)G(`+ q)
)
(4.13)
Now note that in the RHS of equation 4.13 there is no dependence on k3. This implies
that the vertex factor V (q, `) appearing inside the Matsubara sum does not depend on `3
and thus can be taken out of the sum over n. Then we get,
V
(0)
B (q, k) = 1 + 4ipiλB q3
∫
d2`
(2pi)2
(`+ + k+)
(`+ − k+)V
(0)
B (q, `)HB(x, q3β, µB) (4.14)
where we have defined
HB(x, q3β, µB) =
1
β
∫ 1/2
−1/2
du
∞∑
n=−∞
1(
(˜`+ q)2 + β−2µ2B
)(
˜`2 + β−2µ2B
) (4.15)
with x = β|~`| ≡ β`s. The sum over Matsubara modes and the holonomy integral can
be easily done as shown in detail in the Appendix in section A.4. Here we simply write the
final result
HB(x, q3β, µB) =
iβ3
pi|λB|
[
log
(
sinh
(
1
2
√
x2 + µ2B − ipi|λB |2
))
− c.c
]
√
x2 + µ2B
(
4x2 + 4µ2B + q
2
3β
2
) (4.16)
Now with q± = 0, the dependence of V (0)B (q, `) on ` is solely through the magnitude of
the spatial vector ~`, i.e., `s =
√
2`−`+. This essentially follows from rotational invariance in
the spatial plane. Then the angular integral in equation 4.14 can also be easily performed.
Again we show in section A.3 that the relevant angular integral in this case evaluates to∫ 2pi
0
dθ
(`+ + k+)
(`+ − k+) = 2pi [Θ (`s − ks)−Θ (ks − `s)] (4.17)
Then the Schwinger Dyson equation takes the form
V
(0)
B (q, k) = 1 +
2iλB q3
β2
∫ ∞
y
dx xV
(0)
B (q, `)HB(x, q3β, µB)−
2iλB q3
β2
∫ y
0
dx xV
(0)
B (q, `)HB(x, q3β, µB)
(4.18)
where x = β`s, y = βks. Now it is useful to differentiate both sides of the above
equation with respect to y. This yields
∂yV
(0)
B (q, k) = −
4iλB q3
β2
yV
(0)
B (q, k)HB(y, q3β, µB) (4.19)
Integrating the above we get,
V
(0)
B (q, k) = V
(0)
B (q)e
iq3βFB(y,q3β,µB) (4.20)
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where
FB(y, q3β, µB) =
∫ ∞
y
dxxHB(x, q3β, µB) = 4λB
β3
∫ ∞
y
dxxHB(x, q3β, µB) (4.21)
The above integral can in fact be done explicitly. We will not show it here, but instead
refer the reader to section A.5 of the Appendix which provides further details regarding
this. Now, the integration constant V
(0)
B (q) in equation 4.20 can be also straightforwardly
determined as follows. Taking y →∞ in 4.18 we get,
V
(0)
B (q) = 1 +
2iλB q3
β2
∫ ∞
0
dx xV
(0)
B (q)e
iq3β FB(x,q3β,µB)HB(x, q3β, µB)
= 1 +
1
2
V
(0)
B (q)
(
eiq3β FB(y,q3β,µB)
)∞
0
(4.22)
Then noting that FB(y, q3β, µB)
∣∣
y=∞ = 0 we get from 4.22
V
(0)
B (q) =
2
1 + e−iq3β FB(q3β,µB)
(4.23)
where FB(q3β, µB) ≡ FB(y = 0, q3β, µB). Thus finally the vertex factor V (0)B (q, k) is
given by
V
(0)
B (q, k) =
2eiq3β FB(y,q3β,µB)
1 + eiq3β FB(q3β,µB)
(4.24)
4.1.2 Thermal 2-point function
J
(0)
BJ
(0)
B
q
Figure 2. Feynman diagram for thermal 2-point function of J
(0)
B in the RB theory. The circled
cross on the left denotes the exact vertex factor V
(0)
B (q, k). The cross on the right is the vertex
factor in the free theory. The internal lines with black dots denote exact thermal propagators for
the fundamental boson φi.
The thermal 2-point function can now be obtained by evaluating the Feynman diagram
in Figure 2 where the vertex factor V
(0)
B (q, k) computed in the above section is connected to
the corresponding vertex factor in the free theory with a pair of exact thermal propagators
for the matter fields φi. Note that we would be overcounting diagrams if we inserted exact
vertices on both sides in Figure 2. We thus have,〈
J
(0)
B (−q)J (0)B (q)
〉
β
=
∫
d2`
(2pi)2
1
β
∞∑
n=−∞
Tr
[
V
(0)
B (q, `)G(`)V
(0)
B,free(−q, `+ q)G(`+ q)
]
(4.25)
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Now in the Regular Boson theory 2.1, we have V
(0)
B,free(q, k) = 1. Also the angular
integrals in this case is trivial since the integrand in equation 4.25 is manifestly independent
of the angular variables. Then performing the Matsubara sum and holonomy integral and
using 4.24 we obtain〈
J
(0)
B (−q)J (0)B (q)
〉
β
=
iNB
4piλBq3
(
1− eiq3β FB(q3β,µB)
1 + eiq3β FB(q3β,µB)
)
=
NB
4piλBq3
tan
(
q3β
2
FB(q3β, µB)
) (4.26)
4.1.3 Zero temperature limit
Let us consider the zero temperature limit of the thermal 2-point function in equation 4.26.
This will serve to check our result against that of [5]. Now as β → ∞, the thermal mass
β−1µB goes to zero and we find,
lim
β→∞
HB(x, q3β, µB) = 4λB
x
(
4x2 + q23β
2
) (4.27)
Consequently it follows from equation 4.21 that,
lim
β→∞
FB(q3β, µB) = pi
q3β
λBsgn(q3) (4.28)
Thus in the zero temperature limit, the 2-point function in equation 4.26 becomes
lim
β→∞
〈
J
(0)
B (−q)J (0)B (q)
〉
β
=
NB
4piλBq3
tan
(
piλB sgn(q3)
2
)
(4.29)
This precisely agrees with the corresponding result obtained in [5].
4.2 Critical Bosons
We will now compute the thermal 2-point function of J˜
(0)
B , the lightest gauge invariant
scalar operator in the spectrum of the Critical Boson theory. Referring to the action in
2.2, J˜
(0)
B is simply the operator corresponding to the Hubbard-Stratonovich field σB. To
leading order in large NB, the dimension of this operator in not renormalised and is given
by ∆ = 2 +O(1/NB).
In the Critical Boson theory, the thermal propagator for the fundamental bosons again
takes the same form as in the case of the Regular Boson theory given in equations 4.1 and
4.2. However as shown in [17], the thermal mass in the case is determined by the following
equation
λBµB,c =
i
pi
[
Li2
(
e−µB,c−piiλB
)
− Li2
(
e−µB,c+piiλB
)]
(4.30)
At large NB the correlation functions of gauge invariant operators in the Critical Boson
theory can be obtained from the corresponding correlators in the Regular Boson theory
using the following argument outlined in [5]1. Consider deforming the regular bosons with
1Here we are considering the finite temperature generalisation of the arguments applicable in the zero
temperature case of [5]
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xB6 = 0 in 2.1 by turning on a quartic interaction of the form
λ4
2NB
(
φ†φ
)2
. In 3-d, this is a
relevant coupling and thereby triggers an RG flow. We can then reach the Critical Boson
CFT at an IR fixed point of this flow by taking λ4 →∞ and tuning the zero temperature
IR mass of the fundamental bosons to zero.
Let us now consider the two-point function of J
(0)
B in the presence of the λ4 coupling,
which we will keep finite for the moment. First of all, it is easy to see that in the presence
of this interaction, the fundamental boson propagator receives corrections from a chain of
scalar loops that can end in a tadpole. As λ4 →∞, the only effect of this is to modify the
thermal mass which is then determined by equation 4.30 above. Secondly, for computing
2-point functions we need to include planar diagrams in addition to the type considered in
Fig.2, that involve a chain of intermediate scalar loops in between the two external operator
insertions. Consequently at large NB we get the following result [5],〈
J
(0)
B (−q)J (0)B (q)
〉
β,λ4
=
〈
J
(0)
B (−q)J (0)B (q)
〉
β,λ4=0
∞∑
n=0
(
− λ4
NB
〈
J
(0)
B (−q)J (0)B (q)
〉
β,λ4=0
)n
(4.31)
Now it will be convenient to redefine the scalar singlet operator in the Critical Boson
theory as J˜
(0)
B = λ4J
(0)
B . Then using our result for the thermal 2-point function in 4.26 and
taking λ4 →∞ in 4.31 we obtain,〈
J˜
(0)
B (q)J˜
(0)
B (−q)
〉
β
= −4piNBλB q3 cot
(
q3β
2
FB(q3β, µB,c)
)
(4.32)
In arriving at the above result, we replaced µB in 4.26 with µB,c to account for the
change in the thermal mass due to the λ4 coupling. It is also straightforward to check that
4.32 agrees with the corresponding zero temperature result in [5]. Note that we could also
have reached the same result above by considering a Legendre transform of the Regular
Boson theory with respect to the operator J
(0)
B .
4.3 Regular Fermions
We will now compute thermal 2-point functions of the lowest dimension spin s = 0 operator
in the Regular Fermion theory in the large NF limit and to all orders in the t’Hooft coupling
λF . As in the bosonic case we will need the thermal propagator of the elementary fermions
ψi. This was obtained in [17] and is given by〈
ψi(p)ψ¯j(−q)
〉
= S(p)δij(2pi)
3δnp,nqδ
2(~p− ~q) (4.33)
where
S(p) =
−ip˜µγµ + ig(y)p+γ+ − f(y)ps1
p˜2 + β−2µ2F
, y = βps (4.34)
and
p˜µ = pµ − a
β
δµ3, p3 =
2pinp
β
, q3 =
2pinq
β
(4.35)
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In the above (np, nq) ∈ Z + 1/2, since we impose anti-periodic boundary conditions
along the thermal circle for the fermions. a is the gauge field holonomy and the thermal
mass has been denoted by β−1µF . The functions f(y), g(y) and the dimensionless thermal
mass µF are determined by the following equations
± µF (λF ) = λFµF + 1
pii
[
Li2
(
−e−µF−piiλF
)
− c.c.
]
yf(λF , y) = −λF
√
y2 + µ2F +
1
pii
[
Li2
(
−e−
√
y2+µ2F+piiλF
)
− c.c
]
y2g(λF , y) = y
2f2(λF , y)− µ2F (λF )
(4.36)
Our convention for the gamma matrices is provided in section A.1 of the Appendix.
4.3.1 Finite temperature vertex factor for J
(0)
F
The general methodology for computing thermal correlators of gauge invariant operators in
the fermionic theories will be the same as in the bosonic theories considered in the previous
section. The technical steps involved in our analysis will close follow that of [6] and [29].
Thus let us first calculate the relevant vertex factors which we define here as follows〈
J
(0)
F (−q)ψi(p)ψ¯j(−k)
〉
β
= V
(0)
F (q, k)δ
j
i (2pi)
3δnq+nk,npδ
2(~q + ~k − ~p) (4.37)
The Schwinger-Dyson equation satisfied by the above vertex factor is given by
V
(0)
F (q, k)δ
j
i = δ
j
i +
∫
D3`
[
Va,µ(k, `)S(`)V (0)F (q, `)S(`+ q)Va,ν(`+ q, k + q)
]j
i
Gνµ(k − `)
(4.38)
where the first term in the R.H.S. above is the vertex factor in the free theory and
Va,µ = T aγµ, is the vertex factor due to the interaction term ψ¯γµAaµT aψ in the action 2.3.
Now using the relation for U(N) generators in equation 4.11 and the following identities
γ[3|γµγ|+] = −2δµ−1, [γ3, γ+] = 2γ+ (4.39)
it is easy to show that for q± = 0, the integrand in equation 4.38 takes the form[
Va,µ(k, `)S(`)V (0)F (q, `)S(`+ q)Va,ν(`+ q, k + q)
]j
i
Gνµ(k − `)
= −1
2
δji
1
((˜`+ q)2 + β−2µ2F )(˜`2 + β−2µ
2
F )
TrN
[
γ[3|Aγ|+]
]
G3+(k − `)
(4.40)
where,
A =
(
−i˜`µγµ + ig(x)`+γ+ − f(x)`s1
)
V
(0)
F (q, `)
(
−i(˜`+ q)µγµ + ig(x)`+γ+ − f(x)`s1
)
(4.41)
with x = β`s. f(x), g(x) were given in equation 4.36 and we have defined
γ[3+Aγ|+] ≡ γ3Aγ+ − γ+Aγ3 (4.42)
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Now any 2 × 2 matrix M can be expressed as M = mµγµ + mI1. Then using 4.39 it
follows that
γ[3|Mγ|+] = 2mIγ+ − 2m−1 (4.43)
This suggests that we can decompose the vertex factor V
(0)
F (q, k) as
V
(0)
F (q, k) = V
(0)
F,+(q, k)γ
+ + V
(0)
F,I (q, k)1 (4.44)
Gathering the above results we find that the Schwinger-Dyson equation 4.38 becomes,
V
(0)
F (q, k)δ
j
i = δ
j
i −
2piiλF
β
δji
∫ 1/2
−1/2
du
∫
d2`
(2pi)2
1
(`− k)+
∞∑
n=−∞
γ[3|Aγ|+]
((˜`+ q)2 + β−2µ2F )(˜`2 + β−2µ
2
F )
(4.45)
Then comparing the coefficients of γ+ and 1 on both sides we get,
V
(0)
F,+(q, k) = −
4piiλ
β
∫ 1/2
−1/2
du
∫
d2`
(2pi)2
1
(`− k)+
∞∑
n=−∞
c1V
(0)
F,+(q, `) + c2VI(q, `)
((˜`+ q)2 + β−2µ2F )(˜`2 + β−2µ
2
F )
V
(0)
F,I (q, k) = 1−
4piiλ
β
∫ 1/2
−1/2
du
∫
d2`
(2pi)2
1
(`− k)+
∞∑
n=−∞
c3V
(0)
F,+(q, `) + c4V
(0)
F,I (q, `)
((˜`+ q)2 + β−2µ2F )(˜`2 + β−2µ
2
F )
(4.46)
where
c1 = −`+ (q3 − 2i`sf(x)) , c2 = −˜`3(˜`3 + q3) + `2s
(
f2(x) + g(x)− 1)
c3 = 2(`
+)2, c4 = −`+ (q3 + 2i`sf(x))
(4.47)
From the set of equations in 4.46 we observe that V
(0)
F,+(q, k) and V
(0)
F,I (q, k) are indepen-
dent of k3. Hence these factors do not affect the Matsubara sum in the above integrands.
Then carrying out the holonomy integral and Matsubara sum we get,
V
(0)
F,+(q, k) = −
4ipiλF
β2
∫
d2`
(2pi)2
1
(`− k)+
[
2x2(g(β`s)− 1)V (0)F,I (q, `)− β`+
(
q3β − 2f˜(β`s)
)
V
(0)
F,+(q, `)
]
×
HF (x, q3β, µF )
(4.48)
V
(0)
F,I (q, k) = 1−
4ipiλF
β2
∫
d2`
(2pi)2
1
(`− k)+
[
2β2(`+)2V
(0)
F,+(q, `)− β`+(q3β + 2f˜(β`s))V (0)F,I (q, `)
]
×
HF (x, q3β, µF )
(4.49)
where we have defined
HF (x, q3β, µF ) =
1
β
∫ 1/2
−1/2
du
∞∑
n=−∞
1
((˜`+ q)2 + β−2µ2F )(˜`2 + β−2µ
2
F )
=
iβ3
pi|λF |
[
log
(
cosh
(
1
2
√
x2 + µ2F − ipi|λF |2
))
− c.c
]
√
x2 + µ2F
(
4x2 + 4µ2F + q
2
3β
2
)
(4.50)
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and we have also used
1
β
∫ 1/2
−1/2
du
∞∑
n=−∞
˜`
3(˜`3 + q3)
((˜`+ q)2 + β−2µ2F )(˜`2 + β−2µ
2
F )
=
1
β2
(x2 + µ2F )HF (x, q3β, µF ) (4.51)
Now to solve the equations 4.48 and 4.49 let us consider the ansatz,
V
(0)
F,+(q, k) =
2k−
ks
v+(q, y), V
(0)
F,I (q, k) = vI(q, y) (4.52)
where y = βks. Then using the results in the appendix A.3, the relevant angular
integrals in 4.48 and 4.49 turn out to be∫ 2pi
0
dθ
1
(`− k)+ = −
2pi
k+
Θ(ks − `s)∫ 2pi
0
dθ
`+
(`− k)+ = 2piΘ(`s − ks)∫ 2pi
0
dθ
(`+)2
(`− k)+ = 2pik
+Θ(ks − `s)
(4.53)
Thereby, the Schwinger-Dyson equations take the form
yv+(q, y) =
2iλF
β3
∫ y
0
dx x2
[
2x(g(x)− 1)vI(q, x)−
(
q3β − 2f˜(x)
)
v+(q, x)
]
HF (x, q3β, µF )
(4.54)
vI(q, y) = 1− 2iλF
β3
∫ ∞
y
dx x
[
2yv+(q, x)−
(
q3β + 2f˜(x)
)
vI(q, x)
]
HF (x, q3β, µF )
(4.55)
where f˜(x) = ixf(x). Next we differentiate equations 4.54 and 4.55 with respect to y
to get
∂y (yv+(q, y)) =
2iλF
β3
y2
[
2y(g(y)− 1)vI(q, y)−
(
q3β − 2f˜(y)
)
v+(q, y)
]
HF (y, q3β, µF )
(4.56)
∂yvI(q, y) =
2iλF
β3
y
[
2yv+(q, y)−
(
q3β + 2f˜(y)
)
vI(q, y)
]
HF (y, q3β, µF ) (4.57)
Then multiplying equation 4.57 by (q3β − 2f˜(y))/2 and adding it to equation 4.56 we
arrive at the following
∂y
[
yv+(q, y) +
(q3β − 2f˜(y))
2
vI(q, y)
]
=∂y
(
q3β − 2f˜(y)
2
)
vI(q, y)
− iλF
β3
y
(
4y2 + 4µ2F + q
2
3β
2
)
vI(q, y)HF (y, q3β, µF )
(4.58)
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Now note that due the following relation which can be derived from the definitions in
4.36 and 4.50, the R.H.S. of the above equation equals zero.
∂yf˜(y) = − iλF
β3
y
(
4y2 + 4µ2F + q
2
3β
2
)
HF (y, q3β, µF ) (4.59)
Thus we get,
∂y
[
yv+(q, y) +
(q3β − 2f˜(y))
2
vI(q, y)
]
= 0
=⇒ yv+(q, y) = χ(q3)− (q3β − 2f˜(y))
2
vI(q, y)
(4.60)
where χ(q3) is an integration constant. It can be determined from equations 4.54 and
4.55 using either y = ∞ or y = 0. Since it is not very important at this moment, let us
postpone the explicit evaluation of this constant to the next subsection when we compute
the 2-point function. Now using 4.60 we can easily integrate 4.57 to obtain
vI(q, y) =
1
q3β
(
χ(q3)
(
1− exp [iq3βFF (y, q3β, µF )]
)
+ q3β exp [iq3βFF (y, q3β, µF )]
)
(4.61)
where
FF (y, q3β, µF ) =
∫ ∞
y
dxxHF (x, q3β, µF ) = 4λF
β3
∫ ∞
y
dxxHF (x, q3β, µF ) (4.62)
Thus the final result of this section is that the finite temperature vertex factor for J
(0)
F
at large NF and to all orders in λF is
V
(0)
F (q, k) =
2k−
ks
v+(q, y)γ
+ + vI(q, y)1 (4.63)
where vI(q, y) is now given by equation 4.61 and v+(q, y) is determined via 4.60.
4.3.2 Thermal 2-point function
The thermal 2-point function in the Regular Fermion theory can now be obtained following
the same procedure employed for the Regular Boson theory in section 4.1.2. Considering
the same kind of Feynman diagram as in Figure 2 we take the left and right vertex insertions
there to now correspond to the exact vertex factor V
(0)
F (q, k) and the free theory vertex
factor V
(0)
F,free(q, k) respectively. Then joining these with a pair of exact thermal propgators
of the elementary fermions ψi we get,
〈
J
(0)
F (−q)J (0)F (q)
〉
β
= −
NF∑
i=1
∫
d2`
(2pi)2
1
β
∞∑
n=−∞
Tr
[
V
(0)
F (q, `)Si(`)V
(0)
F,free(−q, `+ q)Si(`+ q)
]
(4.64)
Here the trace inside the integral above is with respect to the spinor indices carried
by the gamma matrices contained in the vertex factors and the propagators. The overall
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minus sign is due to the fermion loop. Then noting that V
(0)
F,free(q, k) = 1 and evaluating
the trace explicitly gives
〈
J
(0)
F (−q)J (0)F (q)
〉
β
= −NF
β
∫ 1/2
−1/2
du
∫
d2`
(2pi)2
∞∑
n=−∞
2c1V
(0)
F,+(q, `) + 2c2V
(0)
F,I (q, `)(
(˜`+ q)2 + β−2µ2F
)(
˜`2 + β−2µ2F
)
(4.65)
where c1, c2 were defined in equation 4.47. Now the angular part of the above integral
is again trivial. Then carrying out the Matsubara sum and holonomy integral we find〈
J
(0)
F (−q)J (0)F (q)
〉
β
=
NF
4piλFβ
∫ ∞
0
dx x2
[
(q3β − 2f˜(x))v+(q, x)− 2x(g(x)− 1)vI(q, x)
]
HF (x, q3β, µF )
(4.66)
The above integral turns out to be ultraviolet divergent. We will introduce a UV cutoff
Λ to regulate this divergence2. Then using equation 4.56 in 4.66 we get〈
J
(0)
F (−q)J (0)F (q)
〉
β
= − iNF
2piλFβ
∫ βΛ
0
dx ∂x (xv+(q, x)) = − iNF
2piλFβ
(βΛv+(q, βΛ)) (4.67)
Now putting y = βΛ in equation 4.54 and using 4.60 and 4.61 we get
βΛv+(q, βΛ) = I1 + χ(q3)(I2 + I3) (4.68)
where I1, I2, I3 are given by the following integrals
I1 = i
4
∫ βΛ
0
dx x
(
q23β
2 − 4q3βf˜(x)− 4µ2F − 4x2
)
eiq3βFF (x,q3β,µF )HF (x, q3β, µF )
I2 = − 1
q3β
I1, I3 = − i
4q3β
∫ βΛ
0
dx x
(
4x2 + 4µ2F + q
2
3β
2
)HF (x, q3β, µF ) (4.69)
The above integrals can be evaluated using the following useful relations which can be
derived using equations 4.59 and 4.62,
∂x
(
eiq3βFF (x,q3β,µF )
)
= −iq3βxHF (x, q3β, µF )eiq3βFF (x,q3β,µF )
eiq3βFF (x,q3β,µF )∂xf˜(x) =
1
4q3β
(
4x2 + 4µ2F + q
2
3β
2
)
∂x
(
eiq3βFF (x,q3β,µF )
) (4.70)
Now using the above relations in the integrands appearing in equation 4.69 and inte-
grating by parts we find that I1 simply reduces to boundary terms,
I1 = −1
2
((
q3β − 2f˜(x)
)
eiq3βFF (x,q3β,µF )
)βΛ
0
= −q3β
2
(
1− eiq3βFF (q3β,µF )
)
− f˜(0)eiq3βFF (q3β,µF ) + f˜(βΛ)
(4.71)
2The presence of a hard UV cutoff breaks gauge invariance as well as conformal invariance. We can
alternatively use dimensional regularisation which will preserve gauge invariance. See [21] and [16] for
details regarding implementing dimensional regularisation scheme in Chern Simons matter theories.
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where have used FF (x, q3β, µF )
∣∣
x→∞ = 0 and defined FF (x = 0, q3β, µF ) ≡ FF (q3β, µF ).
Similarly, using 4.58, the integral I3 can be simplified to yield
I3 = 1
q3β
(
f˜(βΛ)− f˜(0)
)
(4.72)
Now to obtain the required 2-point function we need to determine the constant χ(q3).
Form the Schwinger-Dyson equation 4.55 we see that vI(q, βΛ)
∣∣
Λ→∞ = 0. Consequently it
follows from 4.58 that,
βΛv+(q, βΛ) = χ(q3) (4.73)
Then using 4.68 and the results in equations 4.71, 4.72 we can solve for χ(q3) to get,
χ(q3) =
q3β
(
q3β − 2f˜(0)
)
eiq3βFF (q3β,µF )
q3β
(
1 + eiq3βFF (q3β,µF )
)
+ 2f˜(0)
(
1− eiq3βFF (q3β,µF )) (4.74)
We still have a divergent contribution coming from f˜(βΛ). This is a linear divergence
since from equation 4.36, we have f˜(βΛ) ∼ −iλFβΛ for large Λ. This divergence can be
removed by adding a mass counterterm for the background source for the operator J
(0)
F .
The same prescription was used in the zero temperature calculations in [6].
Gathering the above results we finally end up with the renormalised finite temperature
2-point function which is given by,〈
J
(0)
F (−q)J (0)F (q)
〉
β
=
iNF q3
4piλF
(
q3β
(
1− eiq3βFF (q3β,µF ))+ 2f˜(0) (1 + eiq3βFF (q3β,µF ))
q3β
(
1 + eiq3βFF (q3β,µF )
)
+ 2f˜(0)
(
1− eiq3βFF (q3β,µF ))
)
(4.75)
where
f˜(0) = −iλFµF + 1
pi
[
Li2
(
−e−µF+piiλF
)
− c.c
]
(4.76)
Using the first equation in 4.36, we get from the above, f˜(0) = −isgn(λF )µF .
4.3.3 Zero temperature limit
In the low temperature regime, i.e., for β →∞ we find that
lim
β→∞
FF (q3β, µF ) = pi
q3β
λF sgn(q3) (4.77)
Using this in the expression for the 2-point function in equation 4.75 and neglecting
the contribution of the thermal mass we get
lim
β→∞
〈
J
(0)
F (−q)J (0)F (q)
〉
β
= − NF
4piλF q3
tan
(
piλF sgn(q3)
2
)
(4.78)
This perfectly matches with the zero temperature 2-point function of J
(0)
F computed
in [6].
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4.4 Critical Fermions
We will now deal with the operator J˜
(0)
F which is the lowest dimension gauge invariant scalar
operator in the Critical Fermion theory. This is essentially the operator corresponding
to the Hubbard-Stratonovich field σF in the action 2.4. The scaling dimension here is
∆ = 1 +O(1/NF ) and to leading order in large NF there is no anomalous dimension.
The thermal 2-point function of J˜
(0)
F in the Critical Fermion theory can be obtained by
following a strategy similar to the one implemented in the previous section for correlators
in the Critical Boson theory. In this case, consider first deforming the Regular Fermion
theory by turning on the quartic interaction λ42NF
(
ψψ¯
)2
. The Critical Fermion theory lies
at a UV fixed point of the RG flow triggered by this coupling, and can be reached by taking
the limit λ4 → ∞. At large NF , we are also allowed to include the marginal interaction
xF6
(
ψψ¯
)3
at this fixed point.
Now one of the effects of turning on the λ4 and x
F
6 couplings is to modify the thermal
mass of the fundamental fermions at the UV fixed point. This was shown in [17] to be
given by
(1− |λF |+ |gˆF |)µF,c = 1
pii
[
Li2
(
−e−µF,c−ipi|λF |
)
− c.c
]
(4.79)
where
gˆF =
(
1− 2piλFxF6
)−1/2 (4.80)
The thermal propagators for the fundamental bosons then take the same form as in
equations 4.33, 4.34 with µF there appropriately replaced by µF,c which is determined by
equation 4.79 above. Also note that f˜(x) in 4.36 now becomes
yf(λF , y) = sgn(λF )µF,c gˆF − λF
√
y2 + µ2F,c +
1
pii
[
Li2
(
−e−
√
y2+µ2F,c+piiλF
)
− c.c
]
(4.81)
Then adopting the arguments used in the case of the Critical Boson theory, we can
easily derive the thermal 2-point function which turns out to be given by,
〈
J˜
(0)
F (−q)J˜ (0)F (q)
〉
β
=
4ipiNFλF
q3
(
q3β
(
1 + eiq3βFF (q3β,µF,c)
)
+ 2f˜(0)
(
1− eiq3βFF (q3β,µF,c))
q3β
(
1− eiq3βFF (q3β,µF,c))+ 2f˜(0) (1 + eiq3βFF (q3β,µF,c))
)
(4.82)
where now f˜(0) = −isgn(λF )µF,c The above result could also have been arrived at by
Legendre transforming the Regular Fermion theory with respect to the operator J
(0)
F . We
have also checked that the zero temperature limit of the above result agrees with [6].
4.5 Duality Check
Let us now check if the results derived above are consistent with the bosonization dualities
which the theories considered here are conjectured to exhibit. The relevant mapping of
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parameters was presented in 2.6. Let us note it here again for the sake of completeness.
NF = |κB| −NB, κF = −κB, |λF | = 1− |λB, xB6 = 8pi2 (1− |λF |)2
(
3− 8piλFxF6
)
;
µF (λF ) = µB,c(λB), µF,c(λF ) = µB(λB)
(4.83)
Regular Fermions and Critical Bosons
Let us first consider the Regular Fermion and Critical Boson theories. Now the functions
FF (q3β, µF ) and FB(q3β, µB,c) appearing in the expressions for the correlators in 4.75 and
4.26 turn out to be related under the duality map in 4.83 as follows
exp
[
iq3βFF (q3β, µF )
]
= − exp [iq3βFB (q3β, µB,c) ](q3β + 2isgn(λB)µB,c
q3β − 2isgn(λB)µB,c
)
(4.84)
Under the duality map above, we also have
f˜(0) = −i(λB − sgn(λB))µB,c + 1
pi
[
Li2
(
e−µB,c+ipiλB,c
)
− c.c
]
= isgn(λB)µB,c (4.85)
where we have used the defining equation for the thermal mass in the Critical Boson
theory given by 4.30. Then using 4.83, 4.84 and 4.85 we find that the thermal 2-point
function of J
(0)
F in equation 4.75 becomes〈
J
(0)
F (−q)J (0)F (q)
〉
β
= − NB
4piλB
q3 cot
(
q3β
2
FB (q3β, µB,c)
)
(4.86)
Comparing 4.86 and 4.32 we see that they match provided we redefine the scalar
operator J˜
(0)
B in 4.32 as J˜
(0)
B → (−4piλB)J˜ (0)B .
Regular Bosons and Critical Fermions
For the Regular Boson and Critical Fermion theories, the relation between FB(q3β, µB)
and FF (q3β, µF,c) is exactly of the same form as in 4.84 under the duality map given in
4.83. Then implementing the duality map on the thermal 2-point function of J
(0)
B in the
Regular Boson theory we find
〈
J
(0)
B (−q)J (0)B (q)
〉
β
= − iNF
4piλF q3
(
q3β
(
1 + eiq3βFF (q3β,µF,c)
)− 2isgn(λF )µF,c (1− eiq3βFF (q3β,µF,c))
q3β
(
1− eiq3βFF (q3β,µF,c))− 2isgn(λB)µF,c (1 + eiq3βFF (q3β,µF,c))
)
(4.87)
Now comparing the above result with 4.82 we observe that they match if we redefine
the operator J˜
(0)
F in the Critical Fermion theory as J˜
(0)
F → (−4piλF )J˜ (0)B .
Accounting for the required changes in the overall normalisations of the operators, we
have thus succeeded in establishing a new explicit check of 3-d bosonization dualities at
finite temperature.
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5 Thermal 2-point Functions: Spin s = 1
In this section we will consider the thermal 2-point function of the U(1) current operator
in the Regular Boson and Critical Boson theories. For critical bosons, this 2-point function
has been calculated before in [29] perturbatively in the t’Hooft coupling. Our calculation
here will however be exact in the t’Hooft coupling. Subsequently in section 5.3 we will
consider the case of Regular and Critical Fermion theories.
5.1 Regular Bosons
The U(1) current operator in the Regular Boson theory is given by
J
(1)
B,µ(x) = iφ
†(x)
( ←
Dµ −
→
Dµ
)
φ(x) (5.1)
where
←
Dµ =
←
∂ µ − Aµ,
→
Dµ =
→
∂ µ + Aµ and µ ∈ (−,+, 3). Now in computing the mo-
mentum space 2-point functions
〈
J
(1)
B,µ J
(1)
B,ν
〉
β
, we will only consider the case where (µ, ν) =
(−,+). This is because the correlators involving the components (µ, ν) = (−,−), (−, 3), (+, 3)
and (+,+) all vanish due to rotational symmetry in the spatial directions. Further as in
the previous sections, we will be working in the kinematic regime where the external mo-
mentum q through the current is such that q± = 0. Then its easy to see from the Ward
identities for current conservation that the 2-point function with (µ, ν) = (3, 3) also van-
ishes in momentum space upto contact terms.
In light cone gauge where A− = 0, the components of the current of interest here are
then given by
J
(1)
B,−(x) = i (∂−φ(x))
† φ(x)− iφ†(x) (∂−φ(x)) (5.2)
J
(1)
B,+(x) = i (∂+φ(x))
† φ(x)− iφ†(x) (∂+φ(x))− 2iφ†(x)A+(x)φ(x) (5.3)
Let us also note down the momentum space expressions of the currents in equations
5.2 and 5.3. Using our convention for finite temperature Fourier transforms in Appendix
A.1 and restricting to the kinematic configuration q± = 0 we have
J
(1)
B,−(q3) =
1
β
∑
n
∫
d2~k
(2pi)2
φ†(k3,~k) (−2k−)φ(q3 − k3,−~k) (5.4)
J
(1)
B,+(q3) =
1
β
∑
n
∫
d2~k
(2pi)2
φ†(k3,~k) (−2k+)φ(q3 − k3,−~k)
+
1
β2
∑
n1,n2
∫
d2~kd2~p
(2pi)4
φ†(k3,~k) (−2i)Aa+(~p, p3)T aφ(q3 − k3 − p3,−~k − ~p)
(5.5)
where (n, n1, n2) ∈ Z are Matsubara frequency modes.
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5.1.1 Finite temperature vertex factor for J
(1)
B,−
We will now compute the exact finite temperature vertex factor for J
(1)
B,− in the large NB
limit. For this let us define,〈
J
(1)
B,−(−q)(φ†)j(−k)φi(p)
〉
β
= V
(1)
B (q, k)δ
j
i (2pi)
3δnq+nk,npδ
(2)(~q + ~k − ~p) (5.6)
As done in the previous section, we can obtain V
(1)
B (q, k) by solving the relevant
Schwinger-Dyson equation which in this case is given by the following,
V
(1)
B (q, k)δ
j
i = V
(1)
B,free(q, k)δ
j
i +
∫
D3`
[
Va,µ(k, `)G(`)V (1)B (q, `)G(`+ q)Va,ν(`+ q, k + q)
]j
i
Gνµ(k − `)
(5.7)
where Va,µ(k, `) is the 3-point interaction vertex given in equation 4.9, G(`) is the
exact thermal propagator for the fundamental bosons and Gνµ(k − `) is the gauge field
propagator. V
(1)
B,free(q, k) denotes the vertex factor in the free theory. This can be easily
read off from equation 5.4 which yields
V
(1)
B,tree(q, k) = 2k− (5.8)
Now in order to solve equation the Schwinger-Dyson equation 5.7 we consider the
ansatz
V
(1)
B (q, k) = 2k−UB(q, y) (5.9)
where y = βks. Note that in the kinematic regime where q
± = 0, UB(q, y) only depends
on q3 and |~k| = ks. This simply follows from the consideration of symmetry under spatial
rotations. Now inserting the above ansatz in equation 5.7 and performing the holonomy
integral in the large NB limit we arrive at
2k−v(q, y) = 2k− + 8ipiλB q3
∫
d2`
(2pi)2
(`+ + k+)`+
(`+ − k+) UB(q, x)HB(x, q3β, µB) (5.10)
where HB(x, q3β, µB) was defined in equation 4.15. Using the results in Appendix A.3,
the angular part of the integral in 5.10 can be done to give∫ 2pi
0
dθ
`+(`+ + k+)
(`+ − k+) = 4pik
+Θ(`s − ks) (5.11)
Thus we finally have
UB(q, y) = 1 + 4iλBq3
β2
∫ ∞
y
dx xUB(q, x)HB(x, q3β, µB) (5.12)
The solution of the above integral equation is given by
UB(q, y) = exp
[
4iλBq3
β2
∫ βΛ
y
dx xHB(x, q3β, µB)
]
= eiq3βFB(y,q3β,µB) (5.13)
where FB(y, q3β, µB) is given by equation 4.21. Therefore the exact finite temperature
vertex factor V
(1)
B (q, y) is given by
V
(1)
B (q, k) = 2k−UB(q, y) = 2k−eiq3βFB(y,q3β,µB) (5.14)
– 24 –
5.1.2 Finite temperature vertex factor for J
(1)
B,+
Let us define the exact thermal vertex factor for J
(1)
B,+ to be〈
J
(1)
B,+(−q)(φ†)j(−k)φi(p)
〉
β
= U
(1)
B (q, k)δ
j
i (2pi)
3δnq+nk−npδ
(2)(~q + ~k − ~p) (5.15)
We define U
(1)
B (q, k) to consist of all 1PI Feynman graphs where a gluon line can attach
at the vertex together with the vertex factor factor in the free theory, i.e. the one without
any gluon lines attached. These diagrams shown in Fig.3 and Fig.4 are essentially the same
set of diagrams considered in [5] for the computation of current 2-point function at zero
temperature. We are simply considering the corresponding finite temperature version here.
k + q − `
k ` p
q
D1(k, q, p) = + reflection
Figure 3. Feynman diagram contributing to U
(1)
B . The cross denotes the current vertex and the
red dot is the exact vertex shown below in Fig.5. The internal propgator with the black dot is
the exact thermal propagator for the fundamental bosons. The reflection diagram, not shown here
explicitly, is the one where the current vertex lies to the right of the red vertex.
+ reflectionD2(k, q, p) =
k `2`1 p
q
`3
k − `1
Figure 4. Feynman diagram contributing to U
(1)
B . The internal matter propagators are again exact
in λB . In the reflected diagram the current vertex lies to the right of the quartic seagull vertex.
Now let us evaluate the diagrams labelled by D1 and D2 in Fig.3 and Fig.4 respectively.
D1 is given by the following,
D1(k, q, p) =
∫
D3` [(−2iT a)G3+(k + q − `)G(`)Ka,3(`, k + q)]ji + reflection (5.16)
where the reflection term comes from the diagram with the current vertex in Fig.3
appearing to the right of the 3-point denoted there by the red dot. The factor of (−2iT a)
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=
r
pk
a, µ
r
pk
r
pk
r
pk
+ +Ka,µ(k, p) =
Figure 5. Exact finite temperature vertex for
〈
Aa,µ(−r)(φ†)j(−k)φi(p)
〉
β
in the above integral arises from the Feynman rule for the current vertex which can be
determined from the expression of the current in equation 5.3. Ka,µ is the exact vertex
shown in Fig.5 and is defined as〈
Aa,µ(−r)(φ†)j(−k)φi(p)
〉
β
= (Ka,µ(k, p))ji (2pi)3δnr+nk−npδ(2)(~r + ~k − ~p) (5.17)
Using the Feynman rules for the cubic and seagull vertices in Fig.5 we have,
(Ka,µ(k, p))ji =i
(
T ak˜µ + p˜µT a
)j
i
+ i
∫
D3`
[
{T a, T b}Gσ3(r + k − `)G(`)
(
T a ˜`σ + p˜σT a
)]j
i
δµ3+
i
∫
D3`
[(
T ak˜σ + ˜`σT a
)
G3σ(k − `)G(`){T a, T b}
]j
i
δµ3
(5.18)
Simplifying the integrands in the above using 4.10 and 4.11 we obtain
(Ka,µ(k, p))ji = i(k˜µT a + p˜µT a)ji + 2pi
κB
∫
D3`
(
`+ + k+
(`− k)+ −
`+ + p+
(`− p)+
)
Tr(G(`))T ajiδ
µ3
= i(k˜µT a + p˜µT a)ji + C(k, p)T ajiδµ3
(5.19)
Now C(k, p) is given by
C(k, q) = 2pi
κB
∫
D3` Tr(G(`))
(
`+ + k+
(`− k)+ −
`+ + q+
(`− q)+
)
=
2piNB
κB
∫ 1/2
−1/2
du
∫
d2`
(2pi)2
(
`+ + k+
(`− k)+ −
`+ + q+
(`− q)+
)
1
β
∞∑
n=−∞
1
`2s +
µ2B
β2
+ 4pi
2
β2
(n− |λB|u)2
= 2piλB
∫
d2`
(2pi)2
(
`+ + k+
(`− k)+ −
`+ + q+
(`− q)+
)
MB(x, µB)
(5.20)
where x = β`s and
MB(x, µB) = 1
β
∫ 1/2
−1/2
du
∞∑
n=−∞
1(
`2s +
µ2B
β2
+ 4pi
2
β2
(n− |λB|u)2
)
=
iβ
2pi|λB|
(
log
[
sinh
(
1
2
√
x2 + µ2B − ipi|λB |2
)]
− c.c
)
√
x2 + µ2B
(5.21)
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Performing the angular part of the integral in 5.20 using the results in section A.3 of
the Appendix we get
C(k, p) = λB
∫ ∞
0
d`s `s [Θ (`s − ks)−Θ (ks − `s)−Θ (`s − ps) + Θ (ps − `s)]MB(x, µB)
(5.22)
Now using the following useful relation which can be easily derived from equation 5.21,
MB(x, µB) = iβ
2pi|λB|
1√
x2 + µ2B
−ipi|λB|+
√
x2 + µ2B
x
d
dx
(
Li2
(
e−
√
x2+µ2B+ipi|λB |
)
− c.c
)
(5.23)
we can carry out the radial integral in equation 5.22. We then arrive at the result,
C(k, p) = λB
β
[(√
z2 + µ2B −
√
y2 + µ2B
)
+
i
|λB|pi (g(z, µB)− g(y, µB))
]
(5.24)
where
y = βks, z = βqs, g(x, µB) = Li2
(
e−
√
x2+µ2B+ipi|λB |
)
− c.c (5.25)
Gathering the above results and using them in equations 5.16 and 5.29 we have
D1(k, q, p) =− 4pi
κB
∫
D3` 1
(`− k)+
[
i(˜`3 + k3 + q3) + C(`, k)
]
Tr(G(`))δji
+
4pi
κB
∫
D3` 1
(`− k)+
[
i(˜`3 + k3)− C(`, k)
]
Tr(G(`))δji
= − 4pi
κB
∫
D3` 1
(`− k)+ [iq3 + 2C(`, k)] Tr(G(`))δ
j
i
(5.26)
where we have used q± = 0 and C(`, k) = −C(k, `). Then carrying out the holonomy
and angular integrals we get
D1(k, q, p) =
2λB
k+
∫ ks
0
d`s `s [iq3 + 2C(`, k)]MB(x, µB)δji (5.27)
The radial integral can also be straightforwardly done and yields
D1(k, q, p) =
1
k+
C(0, k) (iq3 + C(0, k)) δji (5.28)
Next let us consider the diagram labelled by D2 in Fig.4. More explicitly this can be
expressed as
D2(k, q, p) =
∫
D3`1D3`2
[
Va,+(k, `1)G3+(k − `)G(`1)(−2iT b)G3+(`1 + q − `2)G(`2){T a, T b}
]j
i
+ reflection
(5.29)
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where the reflection term is due to the diagram where the current vertex is situated to
the right of the seagull vertex in Fig.4. Upon simplifying the integrand in 5.29 we get,
D2(k, q, p) =− 1
2
(
4pii
κB
)2 ∫
D3`1D3`2 (`
+
1 + k
+)
(`1 − k)+(q + `1 − `2)+ [δjiTr(G(`1))Tr(G(`2)) + (G(`2)G(`1))ji]
+ reflection
(5.30)
Now in the large NB limit, the factor of (G(`2)G(`1))ji appearing in the above integral
is subleading compared to the disconnected piece Tr(G(`1))Tr(G(`2)). We will neglect such
contributions from here on. Then taking q± = 0 we have
D2(k, q, p) = −
(
4pii
κ
)2 ∫
D3`1D3`2 (`
+
1 + k
+)
(`1 − k)+(`1 − `2)+ δjiTr(G(`1))Tr(G(`2))
(5.31)
In this case, the angular part of the integral in 5.31 is∫ 2pi
0
dθ1
∫ 2pi
0
dθ2
(`1 + k)
+
(`1 − k)+ (`1 − `2)+
=
(−2)(2pi)2
k+
Θ(ks − `s,1)Θ(`s,1 − `s,2) (5.32)
We are then left with the holonomy and radial integrals. Executing these respectively
leads to,
D2(k, q, p) = −8λ
2
k+
∫ ks
0
d`s,1 `s,1MB(x1, µB)
∫ `s,1
0
d`s,2 `s,2MB(x2, µB)
= − 1
k+
C2(0, k)
(5.33)
where y = βks. Finally adding the net contributions of D1 and D2 to the vertex factor
in the free theory, we get the exact finite temperature vertex factor U
(1)
B to be given by
U
(1)
B (q, k) = 2k
− +D1(p, q, k) +D2(p, q, k)
=
k2s + iq3C(0, k)
k+
(5.34)
5.1.3 Thermal 2-point function
The finite temperature 2-point function of the U(1) current in the Regular Boson theory
can be obtained from the Feynman diagram in Fig.6 where the vertex factors V
(1)
B (q, k)
and U
(1)
B (q, k) are connected via the exact thermal propagators of the fundamental bosons.
We thus have,〈
J
(1)
B,−(−q)J (1)B,+(q)
〉
β
=
∫
d2`
(2pi)2
1
β
∞∑
n=−∞
Tr
[
V
(1)
B (q, `)G(`)U
(1)
B (−q, `+ q)G(`+ q)
]
(5.35)
Plugging the results for the vertex factors from equations 5.14 and 5.34 into the above
and subsequently doing the Matsubara sum, angular and holonomy integrals, the integral
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J
(1)
B,−J
(1)
B,+
q
Figure 6. Feynman diagram for U(1) current 2-point function. The internal lines with black dots
are exact finite temperature propagators for the fundamental bosons. The circled cross on the left
is the vertex for J
(1)
B,−. The boxed cross on the right denotes the vertex factor corresponding to
J
(1)
B,+.
expression in equation 5.35 becomes
〈
J
(1)
B,−(−q)J (1)B,+(q)
〉
β
=
NB
4piλBβ
∫ βΛ
0
dx x
(
x2 − iq3β2C(0, `)
)
eiq3βFB(x,q3β,µB)HB(x, q3β, µB)
(5.36)
where we have employed a cutoff Λ to regulate UV divergences in the above integral.
Now let us note the following identities,
∂x
(
eiq3βFB(x,q3β,µB)
)
= −iq3βxHB(x, q3β, µB)eiq3βFB(x,q3β,µB)
eiq3βFB(x,q3β,µF )∂xC(0, x) = i
4q3β2
(
4x2 + 4µ2B + q
2
3β
2
)
∂x
(
eiq3βFB(x,q3β,µB)
) (5.37)
The utility of the above relations lies in the fact that plugging them in equation 5.36,
the integral can be easily performed via integration by parts. It turns out that the final
contribution only comes from boundary terms and is given by〈
J
(1)
B,−(−q)J (1)B,+(q)
〉
β
=
NB
4piλB
[
iΛ2
q3β
+
(
C(0, `)eiq3βFB(x,q3β,µB)
)βΛ
0
− i
4q3β2
((
4x2 + 4µ2B + q
2
3β
2
)
eiq3βFB(x,q3β,µB)
)βΛ
0
]
(5.38)
Since FB(x, q3β, µB)
∣∣
x→∞ = 0 and C(0, 0) = 0, we then get〈
J
(1)
B,−(−q)J (1)B,+(q)
〉
β
= − iNB
16piλBq3β2
(
1− eiq3βFB(q3β,µB)
) (
q23β
2 + 4µ2B
)
+
NB
4piλB
C(0,Λ)
(5.39)
The divergent contribution is now contained in C(0,Λ). Let us isolate the divergent
piece by first defining C(0, k) = X (y)−X (0) where X (y) is given by
X (y) = λB
β
[√
y2 + µ2B +
i
pi|λB|
(
Li2
[
e−
√
x2+µ2B+ipi|λB |
]
− c.c
)]
(5.40)
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Then for Λ → ∞ we have X (βΛ) ∼ λBΛ. In order to remove this divergence we
can introduce a mass counterterm for the background gauge field that couples to the U(1)
current. Thus the renormalised thermal 2-point function is〈
J
(1)
B,−(−q)J (1)B,+(q)
〉
β
= − iNB
16piλBq3β2
(
1− eiq3βFB(q3β,µB)
) (
q23β
2 + 4µ2B
)− NB
4piλB
X (0)
(5.41)
where
X (0) = λB
β
[
µB +
i
pi|λB|
(
Li2
[
e−µB+ipi|λB |
]
− c.c
)]
(5.42)
5.2 Critical Bosons
In section 2.13 we had discussed how the thermal correlators in the Critical Boson theory
can be obtained by deforming the Regular Boson theory by a relevant quartic interaction
and then flowing to the IR where this coupling becomes large. One of the important effects
of turning on this coupling there was the inclusion of additional planar Feynman diagrams
where a chain of scalar loops can be attached in between the two external operator inser-
tions. However in case of spinning external operators, these diagrams do not contribute.
This is because they involve 2-point functions of the form
〈
J (s)J (0)
〉
β
which vanish due to
symmetry under spatial rotations unless s = 0.
As a result we can straightforwardly get the finite temperature 2-point function of the
U(1) current in the Critical Boson from our previous analysis involving regular bosons. We
simply need to account for the change in the thermal mass which was given previously in
equation 4.30. Then we have,〈
J˜
(1)
B,−(−q)J˜ (1)B,+(q)
〉
β
= − iNB
16piλBq3β2
(
1− eiq3βFB(q3β,µB,c)
) (
q23β
2 + 4µ2B,c
)
(5.43)
Note that this is of the same form as in 5.41. The last term there, i.e., X (0) vanishes
in the Critical Boson theory due to 4.30. Expanding the above result around λB = 0, we
can verify that it agrees with the perturbative result derived in [29] upto an extra term
iNBλBq3
8pi which was included in [29] to cancel an anomaly.
5.3 Regular Fermions
The thermal 2-point function for the U(1) current in the Regular Fermion theory was
calculation in [29], to which we refer the reader for details of the computation3. Our
purpose in including this section here will be to show that the integral expression for the
2-point function presented in [29] can be considerably simplified. As a byproduct, it will be
easier to check that the final result transforms appropriately under bosonization dualities.
The U(1) current in the Regular Fermion theory is given by
J
(1)
F,µ(x) = iψ¯(x)γµψ(x) (5.44)
3Note that some of our notations in this section will be slightly different from the ones used in [29]. This
is just to ensure consistency with the rest of our paper
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Then the momentum space expression for the current is
J
(1)
F,µ(~q, q3) =
1
β
∑
n
∫
d2~k
(2pi)2
ψ¯(~k, k3)(iγµ)ψ(~q − ~k, q3 − k3) (5.45)
5.3.1 Finite temperature vertex factor for J
(1)
F,−
Just as in the case of the U(1) current in the bosonic theory in section 2.15, we will only
consider the two point function
〈
J
(1)
F,µJ
(1)
F,ν
〉
β
with (µ, ν) = (−,+). In order to compute
this we then require the corresponding finite temperature vertex factors. For J
(1)
F,−, this is
defined as 〈
J
(1)
F,−(−q)ψi(p)ψ¯j(−k)
〉
β
= V
(1)
F (q, k)δ
j
i (2pi)
3δ(3)(q + k − p) (5.46)
In [29], the Schwinger-Dyson equation for V
(1)
F (q, k) was solved at large NF and exactly
in the t’Hooft coupling λF . The resulting solution was found to be given by the following
expression
V
(1)
F (q, k) = v
(1)
+ (q, y)γ
+ + βk+v
(1)
I (q, y)1 (5.47)
where
v
(1)
I (q, y) =
i
q3β
(
1− eiq3βFF (y,q3β,µF )
)
(5.48)
v
(1)
+ (q, y) = i−
i(q3β − 2f˜(y))
2q3β
(
1− eiq3βFF (y,q3β,µF )
)
(5.49)
and FF (y, q3β, µF ) has been defined previously in equation 4.60.
5.3.2 Thermal 2-point function
We again consider a Feynman diagram of the type shown in Fig.2 where we now connect
the exact vertex factor for J
(1)
F,− to the vertex factor for J
(1)
F,+ with exact thermal propagators
for the fundamental fermions. Note that to avoid overcounting of diagrams we should take
the vertex factor for J
(1)
F,+ to be that of the free theory. As a result, the thermal 2-point
function in the Regular Fermion theory is given by
〈
J
(1)
F,−(−q)J (1)F,+(q)
〉
β
= −
NF∑
i=1
∫
d2`
(2pi)2
1
β
∞∑
n=−∞
Tr
[
V
(1)
F (q, `)Si(`)V
(1)
F,free(−q, `+ q)Si(`+ q)
]
(5.50)
Here V
(1)
F,free(q, k) = iγ
− is the vertex factor for J (1)F,+ in the free theory. The trace
is over the gamma matrices and the overall negative sign comes from the fermion loop in
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the Feynman diagram contributing to this correlator. Then using the result for the vertex
factors in equations 5.48 and 5.49 we have,〈
J
(1)
F,−(−q)J (1)F,+(q)
〉
β
=
NF
8piλF q3β2
∫ βΛ
0
dx x
(
4x2 + 4µ2F + q
2
3β
2
)
f˜(x)HF (x, q3β, µF ) +
NF
4piλFβ
∫ βΛ
0
dx x
(
x2 + µ2F
)
eiq3βFF (y,q3β,µF )HF (x, q3β, µF ) −
NF
8piλF q3β2
∫ βΛ
0
dx x
[
4x2 + 4µ2F − q3β
(
q3β − 2f˜(x)
)]
f˜(x)eiq3βFF (y,q3β,µF )HF (x, q3β, µF )
(5.51)
where the cutoff Λ has been put in to regulate the UV divergent integrals. This
is precisely the same result that was first obtained in [29]. Now following the strategy
adopted in section 4.3.2, we will show that the above integral can be evaluated to yield
a rather simpler expression. Using the relations given in equations 4.59 and 4.70, and
appropriately integrating by parts we can show that the ultimate result is once again
solely due to boundary terms as follows,〈
J
(1)
F,−(−q)J (1)F,+(q)
〉
β
=
iNF
8piλF q23β
3
[(
q3β − 2f˜(x)
)(
2
(
x2 + µ2F
)
+ q3βf˜(x)
)
eiq3βFF (x,q3β,µF )
]βΛ
0
−
iNF
16piλF q23β
3
[(
4x2 + 4µ2F + q
2
3β
2
) (
q3β − 2f˜(x)
)
eiq3βFF (x,q3β,µF )
]βΛ
0
+
iNF
4piλF q3β2
(
f˜2(x)
)βΛ
0
=
iNF
16piλF q3β2
[(
−1 + eiq3βFF (q3β,µF )
) (
q23β
2 − 4µ2F
)
+ 4isgn(λF )q3βµF e
iq3βFF (q3β,µF )
]
+
iNF
4piλFβ
f˜(βΛ)
(5.52)
where we have used f˜(0) = −isgn(λF )µF and FF (x, q3β, µF )
∣∣
x→∞ = 0. The divergent
piece in the above result is f˜(βΛ) ∼ −iλFβΛ. Removing this by adding a mass counterterm
for the background gauge field that can couple to the U(1) current, we obtain the following
renormalised thermal 2-point function.〈
J
(1)
F,−(−q)J (1)F,+(q)
〉
β
=
iNF
16piλF q3β2
[(
−1 + eiq3βFF (q3β,µF )
) (
q23β
2 − 4µ2F
)
+ 4isgn(λF )µF q3βe
iq3βFF (q3β,µF )
]
(5.53)
It was argued in [29] that the above result should be appended by including an anomaly
cancelling term
(
− iNF4pi − iNFλF8
)
q3.
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5.4 Critical Fermions
The thermal 2-point function of spin s ≥ 1 operators in the Critical Fermion should take
the same form as the corresponding correlators in Regular Fermion theory after accounting
for the required modification of the thermal mass for the fundamental fermions. This again
follows from the discussion in section 5.2 where we argued that additional planar diagrams
which can arise due to the quartic interaction term
(
ψ¯ψ
)2
vanish on grounds on rotational
symmetry.
Therefore the exact finite temperature 2-point function of the U(1) current in the
Critical Fermion theory is given by〈
J
(1)
F,−(−q)J (1)F,+(q)
〉
β
=
iNF
16piλF q3β2
[(
−1 + eiq3βFF (q3β,µF,c)
) (
q23β
2 − 4µ2F,c
)
+ 4isgn(λF )µF,cq3βe
iq3βFF (q3β,µF,c)
]
(5.54)
5.5 Duality Check
Since the thermal correlators in this case take the same form in the regular and critical
versions of the theories of interest, we will only show here the effects of the duality trans-
formations on the Regular Fermion and Critical Boson theories. Now applying the duality
map in 4.83 and using 4.84 on the thermal 2-point function in 5.53 we get〈
J
(1)
F,−(−q)J (1)F,+(q)
〉
β
→ − iNB
16piλBq3β2
(
1− eiq3βFB(q3β,µB)
) (
q23β
2 + 4µ2B
)
+
iNB
8piλB
q3
(5.55)
Comparing the above with the result in 5.2, we see that the 2-point functions match
across the Regular Fermion and Critical Boson theories upto the addition of the term
iNB
8piλB
q3. Now this is a contact term, since upon Fourier transforming to position space
this yields a derivative of delta function. We can remove this contact term ambiguity
by adding a Chern Simons term for the background gauge field that couples to the U(1)
current. However, note that in the presence of Chern Simons interactions, some contact
terms can indeed be physical. We refer the reader to [32] for a detailed discussion of issues
pertaining to Chern Simons contact terms in 3-d QFTs.
6 Thermal 2-point Functions: Spin s = 2
In this section we will compute the thermal two point functions of the stress tensor operator
in the Regular snd Critical Boson theories as well as the Regular and Critical Fermion
theories.
6.1 Regular Bosons
The stress tensor operator in the Regular Boson theory is given by
J
(2)
B,µν(x) = φ
†(x)
[
3
2
←
D(µ
→
Dν) −
1
4
→
D(µ
→
Dν) −
1
4
←
D(µ
←
Dν)
]
φ(x) + gµν T˜
σ
σ (x) (6.1)
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where A(µBν) =
1
2 (AµBν +AνBµ) and
T˜µµ (x) = −
1
3
φ†(x)
[
3
2
←
D(µ
→
Dµ) −
1
4
→
D(µ
→
Dµ) −
1
4
←
D(µ
←
Dµ)
]
φ(x) (6.2)
The presence of this term ensures that J
(2)
B,µν is traceless. In the case of the U(1) current
correlators considered in the previous sections, we had focussed only particular components
of the currents. Here we will do the same and restrict attention to the 2-point function
where the two current insertions have components (µ, ν) = (−−) and (µ, ν) = (+,+)
respectively. Now for these specific components of the stress tensor the trace term gµν T˜
σ
σ
does not contribute since g−− = 0. Then in lightcone gauge where A− = 0 we have
J
(2)
B,−−(x) = φ
†(x)
[
3
2
←
∂(−
→
∂−) −
1
4
→
∂(−
→
∂−) −
1
4
←
∂(−
←
∂−)
]
φ(x) =
3
2
∂−φ†∂−φ− 1
4
φ†∂2−φ−
1
4
(
∂2−φ
†
)
φ
(6.3)
J
(2)
B,++(x) =
3
2
(D+φ)
†(D+φ)− 1
4
φ†D+(D+φ)− 1
4
(D+(D+φ))
†φ
=
3
2
∂+φ
†∂+φ− 1
4
φ†∂2+φ−
1
4
(∂2+φ)
†φ+ 2(∂+φ)†A+φ− 2φ†A+∂+φ− 2φ†A2+φ
(6.4)
In order to obtain Feynman rules for the current vertices, it is useful to have the
momentum space expressions for the above currents. Further specialising to the kinematic
regime where q± = 0 we get
J
(2)
B,−−(q3) =
1
β
∑
n
∫
d2~k
(2pi)2
φ†(k3,~k)2k2−φ(q3 − k3,−~k) (6.5)
J
(2)
B,++(q3) =
1
β
∑
n
∫
d2~k
(2pi)2
2k2+φ
†(k3,~k)φ(q3 − k3,−~k)
+
1
β2
∑
n1,n2
∫
d2~kd2~p
(2pi)4
(2i)(2k + p)+φ
†(k3,~k)A+(p3, ~p)φ(q3 − k3 − p3,−~k − ~p)
+
1
β3
∑
n1,n2,n3
∫
d2~kd2~pd2~`
(2pi)6
(−2)φ†(k3,~k)A+(p3, ~p)A+(`3, ~`)φ(q3 − k3 − p3 − `3,−~k − ~p− ~`)
(6.6)
where n1 =
β k3
2pi , n2 =
β p3
2pi , n3 =
β `3
2pi .
6.1.1 Finite temperature vertex factor for J
(2)
B,−−
We now proceed towards calculating the exact vertex factor for J
(2)
B,−− which we will denote
by V
(2)
B (q, k) as follows,〈
J
(2)
B,−−(−q)φi(p)(φ†)j(−k)
〉
β
= V
(2)
B (q, k)δ
j
i (2pi)
3δnq+nk,npδ
(2)(~q + ~k − ~p) (6.7)
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We again restrict ourselves to the kinematic configuration q± = 0. Then noting from
equation 6.5 that the bare vertex factor is given by V
(2)
B,free(q, k) = 2k
2−, we can write down
the Schwinger-Dyson equation for the vertex factor
V
(2)
B (q, k)δ
j
i = 2k
2
−δ
j
i +
∫
D3`
[
Va,µ(k, `)G(`)V (2)B (q, `)G(`+ q)Va,ν(`+ q, k + q)
]j
i
Gνµ(k − `)
= 2(k+)2δji + 4piiλBq3 δ
j
i
∫
d2`
(2pi)2
(`+ + k+)
(`+ − k+) V
(2)
B (q, `)HB(x, q3β, µB)
(6.8)
where HB(x, q3β, µB) was defined in equation 4.15. Now let us consider the following
ansatz for solving the above equation
V
(2)
B (q, k) = 2(k
+)2v(q, y) (6.9)
Using this in equation 6.8 then gives us
2(k+)2v(q, y) = 2(k+)2 + 8piiλBq3
∫
d2`
(2pi)2
(`+ + k+)
(`+ − k+) (`
+)2v(q, x)HB(x, q3β, µB) (6.10)
The angular part of the integral in 6.10 can be easily carried using the following result
from section A.3 of the Appendix∫ 2pi
0
dθ
(`+)2(`+ + k+)
(`+ − k+) = 4pi(k
+)2Θ(`s − ks) (6.11)
Thus we get
v(q, y) = 1 +
4iλBq3
β2
∫ ∞
y
dx xv(q, x)HB(x, q3β, µB) (6.12)
The solution of the above integral equation is given by
v(q, y) = exp
[
iq3β
∫ ∞
y
dx xHB(x, q3β, µB)
]
(6.13)
where HB(x, q3β, µB) = 4λBβ3 HB(x, q3β, µB). Finally the exact vertex factor V
(2)
B (q, k)
in the large NB limit is given by
V
(2)
B (q, k) = 2(k
+)2v(q, y) = 2(k+)2eiq3βFB(x,q3β,µB) (6.14)
with FB(x, q3β, µB) being expressed by equation 4.21.
6.1.2 Finite temperature vertex factor for J
(2)
B,++
We now turn our attention towards computing the finite temperature vertex factor corre-
sponding to J
(2)
B,++. This can be defined as〈
J
(2)
B,++(−q)φi(p)(φ†)j(−k)
〉
β
= U
(2)
B (q, k)δ
j
i (2pi)
3δnq+nk,npδ
(2)(~q + ~k − ~p) (6.15)
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Let us also note the Feynman rules for that we will require shortly for calculating
U
(2)
B (q, k). These are given by the following tree-level correlators〈
J
(2)
B,++(−q)φi(p)(φ†)j(−k)
〉
β
= U1(q, k)δji (2pi)3δnq+nk,npδ(2)(~q + ~k − ~p) (6.16)〈
J
(2)
B,++(−q)φi(p)Aa3(r)(φ†)j(−k)
〉
β
= Ua2 (q, p, k)δji (2pi)3δnq+nk,npδ(2)(~q + ~k − ~p) (6.17)〈
J
(2)
B,++(−q)φi(p)Aa3(r)Ab3(s)(φ†)j(−k)
〉
β
= Uab3 (q, p, r, k)δji (2pi)3δnq+nk,np+nrδ(2)(~q + ~k − ~p− ~r)
(6.18)
Now from 6.6 we can easily determine the above tree-level vertex factors and we get
U1(q, k) = 2k2+ (6.19)
Ua2 (q, p, k) = −2i(p+ k)+T a (6.20)
Uab3 (q, p, r, k) = −2{T a, T b} (6.21)
Another object that we will require is the following exact 3-point vertex〈
φi(p)A
a,µ(−r)(φ†)j(−k)
〉
= (Ka,µ(k, p))ji (2pi)3δnk+nr,npδ(2)(~r + ~k − ~p) (6.22)
We already computed this in section 5.1 and this is given by
(Ka,µ(k, p))ji = (Va,µ(k, p))ji + C(k, p)T ajiδµ3 (6.23)
where (Vb,µ(k, p2))ji = i (T ap˜µ1 + p˜µ2T a)ji and C(k, p) is given by
C(k, p) = X (z)−X (y) (6.24)
where y = βks, z = βps and we have defined
X (y) = λB
β
[√
y2 + µ2B +
i
|λB|pi
(
Li2
(
e−
√
x2+µ2B+ipi|λ|
)
− c.c
)]
(6.25)
With the above ingredients in place we can now compute the vertex factor U
(2)
B (q, k).
As in the case of the U(1) current, we will perform this computation by summing up a set
of 1PI diagrams. The diagrams that we need to take into account have also been considered
previously in the corresponding zero temperature calculations in [5]. We simply need to
consider the appropriate finite temperature generalisations thereof, i.e., replace all T = 0
matter propagators with the corresponding exact thermal propagators.
First let us consider diagram labelled by D1(k, q, p) in Fig.7. Using the Feynman rules
for the stress tensor vertex we get the following expression4
D1(k, q, p) =
∫
D3` [Ua2 (q, k, `)G3+(p− `)G(`)Ka,3(`, p)]ji + reflection (6.26)
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k + q − `
k ` p
q
D1(k, q, p) = + reflection
Figure 7. Feynman diagram contributing to U
(2)
B . The cross denotes the stress tensor vertex and
the red dot is the exact vertex shown in Fig.5. The internal propgator with the black dot is the
exact thermal propagator for the fundamental bosons. The reflection diagram is the one where the
stress tensor vertex lies to the right of the red vertex.
Then using equations 6.19, 6.20 and 6.21 the above takes the form
D1(k, q, p) =− 4pi
κB
∫
D3` 1
(`− p)+
[
i(˜`3 + k3 + q3) + C(`, p)
]
(`+ k)+Tr(G(`))δ
j
i
+
4pi
κB
∫
D3` 1
(`− k)+
[
i(˜`3 + k3)− C(`, k)
]
(`+ p)+Tr(G(`))δ
j
i
= − 4pi
κB
∫
D3` 1
(`− k)+ [iq3 + 2C(`, k)] (`+ k)+Tr(G(`))δ
j
i
(6.27)
Performing the angular and holonomy integrals then yields
D1(k, q, p) = λB
k2s
(k+)2
∫ ks
0
d`s `s [iq3 + 2C(`, k)]
(
1 +
`2s
k2s
)
MB(x, µB)δji (6.28)
where M(x, µB) was also calculated in section 5.1.2 and is given by
M(x, µB) =
∫ 1/2
−1/2
du
1
β
∞∑
n=−∞
1
`2s +
µ2B
β2
+ 4pi
2
β2
(n− |λ|u)2
=
iβ
2pi|λB|
(
log
[
sinh
(
1
2
√
x2 + µ2B − ipi|λB |2
)]
− c.c
)
√
x2 + µ2B
(6.29)
Then doing the radial integral we find
D1(k, q, p) =
k2s
2(k+)2
[(iq3 + C(0, k)) C(0, k) + (iq3 + X (y))X (y)]
− 1
β2(k+)2
[
(iq3 + 2X (y))
∫ y
0
dx xX (x)−
∫ y
0
dx xX 2(x)
] (6.30)
4We caution the reader that in section 5.1 we had also labelled the diagrams by symbols such as Di,
which are of course different from the ones being considered in this section.
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Next let us consider the diagram labelled by D2(k, q, p) in Fig.8. This is given by
D2(k, q, p) =
∫
D3`1D3`2
[
Ka,3(k, `1)G+3(k − `1)G(`1)Uab3 G3+(p− `2)G(`2)Kb,3(`2, p)
]j
i
=
1
2
(
4pii
κB
)2 ∫
D3`1D3`2
[
i(k3 + (˜`1)
3) + C(k, `1)
] [
i(p3 + (˜`2)
3) + C(`2, p)
]
(`1 − k)+(`2 − p)+ ×
[δjiTr(G(`1))Tr(G(`2)) + (G(`2)G(`1))ji]
(6.31)
p− `1 p + q − `2
k `2`1
p
q
D2(p, q, k) =
Figure 8. Feynman diagram contributing to U
(2)
B . The cross denotes the stress tensor vertex
and the red dot is the exact vertex in Fig.5. The internal matter propagator is the exact thermal
propagator.
Now in the above expression the connected term (G(`2)G(`1))ji is subleading compared
to the disconnected term δjiTr(G(`1))Tr(G(`2)) in the large NB limit. We will henceforth
neglect such contributions. Thus we have
D2(k, q, p) =
1
2
(
4pii
κB
)2 ∫
D3`1D3`2
[
i(k3 + (˜`1)
3) + C(k, `1)
] [
i(p3 + (˜`2)
3) + C(`2, p)
]
(`1 − k)+(`2 − p)+ ×
Tr(G(`1))Tr(G(`2))δji
(6.32)
Moving on to the diagram labelled by D3(k, q, p) in Fig. 9 we have
D3(k, q, p) =
∫
D3`1D3`2
[
Uab3 G3+(p− `2)G3+(`2 − `1)G(`1)Kb,3(`1, `2)G(`2)Ka,3(`2, p)
]j
i
+ reflection
= −1
2
(
4pii
κ
)2 ∫
D3`1D3`2
[
i((˜`1)
3 + (˜`2)
3) + C(`1, `2)
] [
i(p3 + (˜`2)
3) + C(`2, p)
]
(`2 − p)+(`1 − `2)+ ×
[δjiTr(G(`1))Tr(G(`2)) + (G(`2)G(`1))ji] + reflection
= −1
2
(
4pii
κB
)2 ∫
D3`1D3`2
[
C(`1, `2)(iq3 + 2C(`2, p))− (˜`31 + ˜`32)(2k3 + q3 + 2˜`32)
]
(`2 − p)+(`1 − `2)+ ×
Tr(G(`1))Tr(G(`2))δji
(6.33)
where in the second line of the above we dropped the propagator terms which are
subleading in the large NB limit.
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D3(k, q, p) =
k `2`1
p
k + q − `2
`2 − `1
q
+ reflection
Figure 9. Feynman diagram contributing to U
(2)
B . The cross stands for the stress tensor vertex
and the red dot is the exact vertex in Fig.5. The internal matter propagator is the exact thermal
propagator. The reflected diagram involves the stress tensor vertex being situated to the right of
the vertices denoted in red.
In order to evaluate D2(k, q, p) and D3(k, q, p) we find it convenient to add up their
respective contributions. Then after doing some of the relevant integrals and Matsubara
sums we end up with
D2(k, q, p) +D3(k, q, p) =
1
6(k+)2
[
3k3 (k3 + q3) + 2iq3C(0, k) + C2(0, k)
] C2(0, k)
+
(
4pii
κB
)2 ∫
D3`1D3`2 (
˜`3
2)
2
(`2 − k)+(`1 − `2)+ Tr(G(`1))Tr(G(`2))δji
(6.34)
Next let us consider the diagram labelled by D4(k, q, p) in Fig.10 which is explicitly
given by
D4(k, q, p) =
∫
D3`1D3`2
[
Va,+(k, `1)G3+(k − `1)G(`1)Ub2(q, `1, `2)G3+(q + `1 − `2)G(`2){T a, T b}
]j
i
+ reflection
= −
(
4pii
κB
)2 ∫
D3`1D3`2 (`
+
1 + k
+)(`1 + `2)+
(`1 − k)+(`1 − `2)+ δjiTr(G(`1))Tr(G(`2))
(6.35)
Simplifying the integral in equation 6.35 by carrying out the holonomy, angular and
radial integrals respectively we arrive at
D4(k, q, p) = − 1
4β2(k+)2
[
3y2
(X 2(y)− 2X (y)X (0))+ 2 ∫ y
0
dx xX 2(x)
]
+
1
β2(k+)2
(2X (y)−X (0))
∫ y
0
dx xX (x)
+
1
2
(
4pii
κB
)2 ∫
D3`1D3`2
`2s,2
(`2 − k)+(`1 − `2)+ Tr(G(`1))Tr(G(`2))δji
(6.36)
There are two more diagrams that need to be considered. Denoting the penultimate
one in Fig.11 by D5(k, q, p) we have
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+ reflectionD4(k, q, p) =
k `2`1
p
q
q + `3
k − `1
Figure 10. Feynman diagram contributing to U
(2)
B . The cross again signifies the stress tensor
vertex. The internal matter propagator is the exact thermal propagator. The reflected diagram
involves the stress tensor vertex lying to the right of the seagull vertex.
D5(k, q, p) =
`3
k − `1
`3 − `2
q + `1 − `3
k `2`1
p
q
+ reflection
Figure 11. Feynman diagram contributing to U
(2)
B . The cross stands for the stress tensor vertex
and the red dots are the exact vertices in Fig.5. The internal matter propagator is the exact thermal
propagator. The reflected diagram has the stress tensor vertex appearing to the right of the seagull
vertex.
D5(k, q, p) =
∫
D3`1D3`2D3`3
(
Va,+(k, `1)G3+(k − `1)G(`1)Ubc3 ×
G3+(q + `1 − `3)G3+(`3 − `2)G(`2)Kc,3(`2, `3)G(`3){T a, T b}
)j
i
+ reflection (6.37)
Upon simplifying the above integrand we get
D5(k, q, p) =
1
4
(
4pii
κB
)3 ∫
D3`1D3`2D3`3
i(k+ + `+1 )
[
i((˜`2)3 + (˜`3)3) + C(`2, `3)
]
(`1 − k)+(`3 − `1 − q)+(`2 − `3)+ ×
[δjiTr(G(`1))Tr(G(`2))Tr(G(`3)) + δjiTr(G(`1)G(`3)G(`2)) + (G(`3)G(`1))jiTr(G(`2)) + Tr(G(`1)G(`3))G(`2)ji]
+ reflection
=
1
4
(
4pii
κB
)3 ∫
D3`1D3`2D3`3 2i(k
+ + `+1 )C(`2, `3)
(`1 − k)+(`3 − `1)+(`2 − `3)+ Tr(G(`1))Tr(G(`2))Tr(G(`3))δji
(6.38)
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In the last line of the above we have taken q± = 0 and only kept the fully disconnected
propagator piece which gives the dominant contribution in the large NB limit. Finally the
last diagram that we have to evaluate is in Fig.12 which is labelled by D6(k, q, p). For this
we get
D6(k, q, p) =∫
D3`1D3`2D3`3
[
Va,+(k, `1)G3+(k − `1)G(`1)Kb,3(`1, `2)G(`2)G+3(`1 − `2)Ubc3 G3+(q + `1 − `3)G(`3){T a, T c}
]j
i
+ reflection
(6.39)
D6(k, q, p) =
k − `1
k `2`1
p
q
`3
+ reflection
`2 − `1 q + `1 − `3
Figure 12. Feynman diagram contributing to U
(2)
B . The cross denotes the stress tensor vertex and
the red dots are the exact vertices in Fig.5. The internal matter propagator is the exact thermal
propagator. The reflected diagram has the stress tensor vertex appearing to the right of the seagull
vertex.
The integrand in 6.39 can be simplified further to yield
D6(k, q, p) =
(
4pii
κB
)3 ∫
D3`1D3`2D3`3
i(k+ + `+1 )
[
i((˜`1)3 + (˜`2)3) + C(`1, `2)
]
(`1 − k)+(`3 − `1 − q)+(`1 − `2)+ ×
[δjiTr(G(`1))Tr(G(`2))Tr(G(`3)) + δjiTr(G(`1)G(`3)G(`2)) + (G(`3)G(`1))jiTr(G(`2)) + Tr(G(`1)G(`3))G(`2)ji]
+ reflection
=
1
4
(
4pii
κB
)3 ∫
D3`1D3`2D3`3 2i(k
+ + `+1 )C(`1, `2)
(`1 − k)+(`3 − `1)+(`1 − `2)+ Tr(G(`1))Tr(G(`2))Tr(G(`3))δji
(6.40)
As before in the above equation we have once again only retained the contribution of
the fully disconnected propagator term which is dominant at large NB. Now it turns that
it is simpler to evaluate the sum of D5(k, q, p) and D6(k, q, p) rather than evaluating them
individually. Then doing the necessary Matsubara sums and integrals using the results
collected in the Appendix we obtain
D5(k, q, p) +D6(k, q, p) = − 1
6(k+)2
C4(0, k) (6.41)
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Finally let us add up all the above contributions in equations 6.27, 6.34, 6.36 and 6.41
to get
6∑
i=1
Di(k, q, p) =
iq3
6β2(k+)2
[
3y2 (C(0, k) + X (y))− 6
∫ y
0
dx xX (x) + 2β2C3(0, k)
]
+
1
2(k+)2
[
k3 (k3 + q3) + β
−2 (y2 + µ2B)] C2(0, k)− 12β2(k+)2C(0)
∫ y
0
dx xX (x)
− 2λ
β3(k+)2
[∫ y
0
dx xX (x)
]
(2ζ(0) + 1)
(6.42)
where ζ(s) is the Riemann Zeta function. The origin of this term is through a divergent
sum over Matsubara modes which we encounter while adding D3(k, q, p) and D4(k, q, p).
Now although ζ(s) is formally an asymptotic series, upon proper regularisation it admits
a finite value which is given by ζ(0) = −12 . As a result the last term in 6.42 vanishes.
Thus our final result in this section is that relevant finite temperature vertex factor for
J
(2)
B,++ is given by the following
U
(2)
B (q, k) = 2k
2
+ +
6∑
i=1
Di(k, q, p)
= 2k2+ +
iq3
6β2(k+)2
[
3y2 (C(0, k) + X (y))− 6
∫ y
0
dx xX (x) + 2β2C3(0, k)
]
+
1
2(k+)2
[
k3 (k3 + q3) + β
−2 (y2 + µ2B)] C2(0, k)− 12β2(k+)2X (0)
∫ y
0
dx xX (x)
(6.43)
6.1.3 Thermal 2-point function
We are now equipped with the necessary ingredients to compute the thermal 2-point func-
tion of the stress tensor operator in the Regular Boson theory. Sewing together the vertex
factors V
(2)
B (q, k) and U
(2)
B (q, k) with the exact finite temperature propagators for the fun-
damental bosons yields
〈
J
(2)
B,−−(−q)J (2)B,++(q)
〉
β
=
∫
d2`
(2pi)2
1
β
∞∑
n=−∞
Tr
[
V
(2)
B (q, `)G(`)U
(2)
B (−q, `+ q)G(`+ q)
]
(6.44)
The angular part of the integral is again trivial since the integrand is manifestly rota-
tionally invariant in the spatial directions. Then executing the Matsubara sum and thermal
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holonomy integral we obtain the following integral expression〈
J
(2)
B,−−(−q)J (2)B,++(q)
〉
β
=
NB
8piλBβ3
∫ ∞
0
dx x eiq3βFB(x,q3β,µB)HB(x, q3β, µB)
[
x4 + 2
(
x2 + µ2B
)
β2C2(0, `)]
− iNBq3
24piλBβ
∫ ∞
0
dx x eiq3βFB(x,q3β,µB)HB(x, q3β, µB)
[
3x2 (2X (x)−X (0)) + 2β2C3(0, `)]
+
NB (2iq3 −X (0))
8piλBβ
∫ ∞
0
dx x eiq3βFB(x,q3β,µB)HB(x, q3β, µB)
∫ x
0
dz zX (z)
(6.45)
We now follow the exact identical steps outlined in the previous sections for evaluating
the above radial integrals. First of all the above integrals have UV divergences and we
regulate them with the help of a cutoff Λ. Then employing the relations given in equation
5.37 and using integration by parts we can demonstrate that the sum of integrals in equation
6.45 above reduces to just boundary terms. Therefore we have,〈
J
(2)
B,−−(−q)J (2)B,++(q)
〉
β
=
iNB
128piλBq3β4
(
1− eiq3βFB(q3β,µB)
) (
q23β
2 + 4µ2B
)2
− NB
96piλBβ2
C(0,Λ) [2β2 (3iq3 − 4C(0,Λ)) C(0,Λ) + 3 (q23β2 + 4µ2B)]
+
NBΛ
2
8piλB
C(0,Λ)− NB
4piλBβ2
∫ βΛ
0
dx xX (x)
(6.46)
In equation 6.46, the divergent contributions come from C(0,Λ) which according to
6.24 is given by C(0,Λ) ∼ λBΛ − X (0) for βΛ  1. We need to remove these divergences
by adding appropriate counterterms involving the background metric which couples to the
stress tensor. We refer the reader to [5] for a discussion concering the necessary countert-
erms. Thus, after removing the divergences and using 6.25 we arrive at the following result
for the renormalised thermal 2-point function〈
J
(2)
B,−−(−q)J (2)B,++(q)
〉
β
=
iNB
128piλBq3β4
(
1− eiq3βFB(q3β,µB)
) (
q23β
2 + 4µ2B
)2 − NB
48piλB
X 2(0) (3iq3 + 4X (0))
+
NB
32piλBβ2
X (0) (q23β2 + 4µ2B)+ NB12piβ3µ3B − iNB4pi2|λB|β3
∫ ∞
µB
dx x
[
Li2
(
e−x+ipi|λB |
)
− c.c
]
(6.47)
where
X (0) = λB
β
[
µB +
i
|λB|pi
(
Li2
(
e−µB+ipi|λB |
)
− c.c
)]
(6.48)
6.1.4 Zero temperature limit
Let us now the check for the consistency of our result for the thermal 2-point function
above with the corresponding zero temperature correlation function that was obtained in
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[5]. Now in the zero temperature limit as β →∞ we see from 6.25 that X (0)→ 0 . Further
taking the thermal mass to zero in this limit and using equations 4.27 and 4.28 we find,〈
J
(2)
B,−−(−q)J (2)B,++(q)
〉
β
=
iNB
128piλB
q33
(
1− eipiλˆB
)
(6.49)
where λˆB = λB sgn(q3). This agrees precisely with the result for the zero temperature
two function derived in [5].
6.2 Critical Bosons
It follows from our discussion in sections 4.2 and 5.2, that in the Critical Boson theory
the stress tensor thermal 2-point function is simply given by the corresponding correlator
in the Regular Boson theory with the replacement µB → µB.c where µB → µB.c is the
thermal mass in the critical theory. Then using 6.47 and noting that X (0) = 0 for critical
bosons, we get〈
J˜
(2)
B,−−(−q)J˜ (2)B,++(q)
〉
β
=
iNB
128piλBq3β4
(
1− eiq3βFB(q3β,µB,c)
) (
q23β
2 + 4µ2B,c
)2
+ +
NB
12piβ3
µ3B,c
− iNB
4pi2|λB|β3
∫ ∞
µB,c
dx x
[
Li2
(
e−x+ipi|λB |
)
− c.c
]
(6.50)
6.3 Regular Fermions
The stress tensor in the Regular Fermion theory is given by
J
(2)
F,µν(x) =
1
2
ψ¯(x)γ(µ
→
Dν)ψ(x)−
1
2
ψ¯(x)γ(µ
←
Dν)ψ(x) + gµνT
σ
F,σ(x) (6.51)
where T σF,σ(x) is defined in a way that renders J
(2)
F,µν(x) is traceless. Following the dis-
cussion in preceding sections we will be interested in computing 2-point thermal correlators
where the components of the stress tensors involved are (µ, ν) = (−,−) and (µ, ν) = (+,+).
In light cone gauge A− = 0 these components have the form
J
(2)
F,−−(x) =
1
2
(−∂−ψ¯(x)γ−ψ(x) + ψ¯(x)γ−∂−ψ(x)) (6.52)
and
J
(2)
F,++(x) = −
1
2
(
∂+ψ¯(x)γ+ψ(x)− ψ¯(x)γ+∂+ψ(x)
)
+ ψ¯(x)A+(x)γ+ψ(x) (6.53)
To facilitate the straightforward determination of the Feynman rules for vertices with
insertions of J
(2)
F,µν , we note below the momentum space expressions corresponding to equa-
tions 6.53 and 6.54.
J
(2)
F,−−(q3) = −
1
2β
∑
n
∫
d2~k
(2pi)2
ψ¯(k3,~k) (2iγ−k−)ψ(q3 − k3, ~q − ~k) (6.54)
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J
(2)
F,++(q3) =−
1
2β
∑
n
∫
d2~k
(2pi)2
ψ¯(k3,~k) (2iγ+k+)ψ(q3 − k3,−~k)
+
1
β2
∑
n1,n2
∫
d2~pd2~k
(2pi)4
ψ¯(p3, ~p)γ+A
a
+(k3,
~k)T aψ(q3 − p3 − k3,−~p− ~k)
(6.55)
where (n, n1, n2) ∈ Z are discrete Matsubara frequency modes. Also note that the
expressions in equations 6.54 and 6.55 have been obtained by restricting to the special
kinematic choice where the external spatial momentum satisfies q± = 0.
6.3.1 Finite temperature vertex factor for J
(2)
F,−−
We define the exact finite temperature vertex factor corresponding to J
(2)
F,−− to be〈
J
(2)
F,−−(−q)ψ¯j(−k)ψi(p)
〉
β
= V
(2)
F (q, k)δ
j
i (2pi)
3δnq+nk,npδ
(2)(~q + ~k − ~p) (6.56)
Then the Schwinger-Dyson equation for the vertex factor V
(2)
F (q, k) is given by
V
(2)
F (q, k)δ
j
i = V
(2)
F,free(q, k)δ
j
i +
∫
D3`
[
Va,µ(k, `)S(`)V (2)F (q, `)S(`+ q)Va,ν(`+ q, k + q)
]j
i
Gνµ(k − `)
(6.57)
where the first term in the R.H.S. of the above is the vertex factor in the free theory.
From equation 6.54 it follows that this is simply given by V
(2)
F,free(q, k) = ik−γ−. Now
the structure of the second term in the R.H.S. of the Schwinger-Dyson equation 6.57 is
precisely of the same form that we have encountered before in the spin s = 0 and s = 1
cases. Therefore following our previous analysis we can decompose V
(2)
F (q, k) as
V
(2)
F (q, k) = V
(2)
F,+(q, k)γ
+ + V
(2)
F,I (q, k)1 (6.58)
Then the Schwinger-Dyson equations satisfied by the components V
(2)
F,+(q, k) and V
(2)
F,−(q, k)
are in turn given by
V
(2)
F,+(q, k)
= ik+ − 4ipiλF
β2
∫
d2`
(2pi)2
1
(`− k)+
[
2x2(g(x)− 1)V (2)F,I (q, `)− β`+
(
q3β − 2f˜(x)
)
V
(2)
F,+(q, `)
]
×
HF (x, q3β, µF )
(6.59)
V
(2)
F,I (q, k)
= −4ipiλF
β2
∫
d2`
(2pi)2
1
(`− k)+
[
2β2(`+)2V
(2)
F,+(q, `)− β`+(q3β + 2f˜(x))V (2)F,I (q, `)
]
HF (x, q3β, µF )
(6.60)
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where in the above we have already carried out the integral over the gauge field holon-
omy and the sum over Matsubara modes. In order to solve the set of integral equations
6.59 and 6.60 we consider the following ansatz
V
(2)
F,+(q, k) = k
+v
(2)
+ (q, y), V
(2)
F,I (q, k) = β(k
+)2v
(2)
I (q, y) (6.61)
where y = βks. Then using the results in section A.3 of the Appendix we can do the
angular part of the integrals which in this case are given by∫ 2pi
0
dθ
(`+)2
(`− k)+ = 2pik
+Θ(`s − ks),
∫ 2pi
0
dθ
(`+)3
(`− k)+ = 2pi(k
+)2Θ(`s − ks) (6.62)
As a result equations 6.59 and 6.60 now take the form
v
(2)
+ (q, k) = i−
2iλF
β3
∫ ∞
y
dx x
(
2x2(g(x)− 1)v(2)I (q, x)−
(
q3β − 2f˜(x)
)
v
(2)
+ (q, x)
)
HF (x, q3β, µF )
(6.63)
v
(2)
I (q, k) = −
2iλF
β3
∫ ∞
y
dx x
[
2v
(2)
+ (q, x)− (q3β + 2f˜(x))v(2)I (q, x)
]
HF (x, q3β, µF ) (6.64)
Let us now differentiate equations 6.63 and 6.64 with respect to y. This yields
∂yv
(2)
+ (q, y) =
2iλF
β3
y
[
2y2(g(y)− 1)v(2)I (q, y)− (q3β − 2f˜(y))v(2)+ (q, y)
]
HF (y, q3β, µF )
(6.65)
∂yv
(2)
I (q, y) =
2iλF
β3
y
[
2v
(2)
+ (q, y)− (q3β + 2f˜(y))v(2)I (q, y)
]
HF (y, q3β, µF ) (6.66)
Then multiplying 6.66 with (q3β − 2f˜)/2 and adding it to 6.65 we obtain
∂y
[
v
(2)
+ (q, y) +
(q3β − 2f˜(y))
2
v
(2)
I (q, y)
]
= 0
=⇒ v(2)+ (q, y) = η(q3)−
(q3β − 2f˜(y))
2
v
(2)
I (q, y)
(6.67)
where η(q3) is an integration constant. Note that from equations 6.63 and 6.64, we
have v
(2)
+ (q,∞) = i, and v(2)I (q,∞) = 0. Using this in equation 6.67 gives η(q3) = i. Now
using the above results we obtain via integrating 6.66
v
(2)
I (q, y) =
i
q3β
(
1− eiq3βFF (y,q3β,µF )
)
(6.68)
Substituting this in equation 6.67 we get
v
(2)
+ (q, y) = i−
i(q3β − 2f˜(y))
2q3β
(
1− eiq3βFF (y,q3β,µF )
)
(6.69)
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where
FF (y, q3β, µF ) = 4λF
β3
∫ ∞
y
dx xHF (x, q3β, µF ) =
∫ ∞
y
dx xHF (x, q3β, µF ) (6.70)
Thus in the large NF limit, the finite temperature vertex factor V
(2)
F (q, k) to all orders
in λF is given by
V
(2)
F = k
+v
(2)
+ (q, y)γ
+ + β(k+)2v
(2)
I (q, y)1 (6.71)
with v
(2)
+ (q, y) and v
(2)
I (q, y) being given by equations 6.69 and 6.68 respectively.
6.3.2 Finite temperature vertex factor for J
(2)
F,++
The finite temperature vertex factor for J
(2)
F,++ can be defined as〈
J
(2)
F,++(−q)ψ¯j(−k)ψi(p)
〉
β
= U
(2)
F (q, k)δ
j
i (2pi)
3δ(3)(q + k − p)δnq+nk,npδ(2)(~q + ~k − ~p)
(6.72)
From equation 6.55 we see that the contribution to the vertex factor U
(2)
F (q, k) from
the free theory, i.e., where the coupling to Chern Simons gauge fields has been turned off
is given by
U (2)F,1(q, k) = iγ+k+ (6.73)
k + q − `
k ` p
q
U (2)F,2(q, k) = + reflection
Figure 13. Feynman diagram contributing to U
(2)
F . The cross denotes the stress tensor vertex
The internal propagator with the black dot is the exact thermal propagator for the fundamental
fermions. In additional reflected diagram the stress tensor vertex lies to the right of the 3-point
vertex due to the ψ¯γµAµψ interaction term.
Now the non-trivial 1PI diagram that we need to consider is shown in Fig.13. Using
the relevant Feynman rules for the interaction vertices we can evaluate this as follows
U (2)F,2(q, k)δji =
∫
D3` [γ−T aS(`)G3+(k + q − `)T aγ3 + γ3T aS(`)G+3(k − `)T aγ−]ji
= −2ipi
κF
∫
D3`
[
γ−S(`)γ3
(`− k − q)+ +
γ3S(`)γ−
(k − `)+
]
δji
=
2ipi
κF
∫
D3` 1
(`− k)+
2
˜`2 + β−2µ2F
[
i`+(g(`)− 1)1+ f(`)`sγ−
]
δji
(6.74)
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The angular integrals that we need to deal with here are given by∫ 2pi
0
dθ
`+
(`− k)+ = −2pi
k−
k+
`2s
k2s
Θ(ks − `s)∫ 2pi
0
dθ
1
(`− k)+ = −
2pi
k+
Θ(ks − `s)
(6.75)
Using the above result in equation 6.74 gives rise to
(
U (2)F,2(q, k)
)j
i
= −2iNF
κFβ
δji
∫ ks
0
d`s `s
[
i(g(x)− 1)k
−
k+
`2s
k2s
1+ f(x)`s
1
k+
γ−
] ∫ 1/2
−1/2
du
∞∑
n=−∞
1
˜`2 + β−2µ2F
= −2iλF
k+
δji
∫ ks
0
d`s `s
[
i(g(x)− 1) `
2
s
k2s
k−1+ f(x)`sγ−
]
MF (x, µF )
(6.76)
where we have defined
MF (x, µF ) = iβ
2pi|λF |
(
log
[
cosh
(
1
2
√
x2 + µ2F − ipi|λF |2
)]
− c.c
)
√
x2 + µ2F
(6.77)
Now using the following useful identity
∂f˜(x)
∂x
= −2iλF
β
xMF (x, µF ) (6.78)
we find that equation 6.76 becomes
(
U (2)F,2(q, k)
)j
i
=
1
k+
δji
∫ ks
0
d`s
[
i(g(x)− 1)k− `
2
s
k2s
1+ f(x)`sγ
−
]
∂f˜
∂x
(6.79)
The above radial integral straightforward to carry out via integrating by parts and we
find
U (2)F,2(q, k) = −
i
2(k+)2β3
[
1
3
(f˜3(y)− f˜3(0)) + (y2 + µ2F )f˜(y)− µ2F f˜(0)− 2
∫ y
0
dxxf˜
]
1
+
i
2k+β2
(−f˜2(y) + f˜2(0))γ−
(6.80)
Therefore, at large NF and to all orders in λF , the finite temperature vertex factor
U
(2)
F (q, k) is
U
(2)
F (q, k) = U (2)F,1(q, k) + U (2)F,2(q, k) (6.81)
where U (2)F,1(q, k) and U (2)F,2(q, k) are specified in equations 6.73 and 6.81 respectively.
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6.3.3 Thermal 2-point function
The stress tensor thermal 2-point function in the Regular Fermion theory is given by
connecting the vertices V
(2)
F (q, k) and U
(2)
F (q, k) by a pair of exact thermal propagators for
the elementary fermions.
〈
J
(2)
F,−−(−q)J (2)F,++(q)
〉
β
= −
NF∑
i=1
∫
d2`
(2pi)2
1
β
∞∑
n=−∞
Tr
[
V
(2)
F (q, `)Si(`)U
(2)
F (−q, `+ q)Si(`+ q)
]
(6.82)
where the trace in the above equation is over the gamma matrices coming from the
vertex factors and fermion propagators. Then substituting the results for the vertex factors
from equations 6.68,6.69 and 6.81 we get〈
J
(2)
F,−−(−q)J (2)F,++(q)
〉
β
= − iNF
8piλFβ3
∫ ∞
0
dx xt−
[
ix2(g(x)− 1) +
(
2x2 + 2µ2F + q3βf˜
)
v
(2)
+ (q, x)
]
HF (x, q3β, µF )
− iNF
8piλFβ3
∫ ∞
0
dx xtI
[
2x2(g(x)− 1)v(2)I (q, x)− (q3β − 2f˜)v(2)+ (q, x)
]
HF (x, q3β, µF )
(6.83)
where t−, tI are defined below
t− =
(
x2 − f˜2(x) + f˜2(0)
)
, tI = −
[
1
3
(f˜3(y)− f˜3(0)) + (y2 + µ2F )f˜(y)− µ2F f˜(0)− 2
∫ y
0
dxxf˜
]
(6.84)
Now the integrals in 6.83 involve UV divergences. We will regulate them employing
the same cutoff regularization scheme that we have used so far. Then using the relations
provided in equation 4.70 we can simplify the above integral expressions to a significant
degree via suitable application of integration by parts. Remarkably, in this case also the
final contribution originates from boundary terms only and is given by〈
J
(2)
F,−−(−q)J (2)F,++(q)
〉
β
=
iNF
128piλF q3β4
(
1− eiq3βFF (q3β,µF )
) (
q23β
2 + 4µ2F
) (
q23β
2 − 4µ2F − 4q3βf˜(0)
)
+
iNF
96piλFβ3
[
2µ2F
(
2f˜(0) + 3q3β
)
+ 3q23β
2f˜(0)
]
− iNF
96piλFβ3
f˜(βΛ)
[
3(q23β
2 + 4µ2F )− 2f˜(βΛ)
(
3q3β − 4f˜(βΛ)
)]
+
iNF
8piλFβ
Λ2f˜(βΛ)− iNF
4piλFβ3
∫ βΛ
0
dx xf˜(x)
(6.85)
In order to obtain a UV finite answer we have to subtract off the divergent terms
in the above which are contained in the terms that involve f˜(βΛ), since for βΛ  1 we
have f˜(βΛ) ∼ −iλFβΛ. These divergences should be cancelled by introducing appropriate
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counterterms for the background metric that couples to stress tensor. However we will not
elaborate further on the systematic implementation of this procedure and hope to address
it more thoroughly in future work. Thus, after discarding the divergent pieces and using
f˜(0) = −isgn(λF )µF in equation 6.85 we get the following renormalised thermal 2-point
function.〈
J
(2)
F,−−(−q)J (2)F,++(q)
〉
β
=
iNF
128piλF q3β4
(
1− eiq3βFF (q3β,µF )
) (
q23β
2 + 4µ2F
) (
q23β
2 − 4µ2F + 4iq3β sgn(λF )µF
)
+
iNF
96piλFβ3
[
2µ2F (3q3β − 2isgn(λF )µF )− 3iq23β2 sgn(λF )µF
]
+
NF
12piβ3
µ3F −
iNF
4pi2λFβ3
∫ ∞
µF
dx x
[
Li2
(
−e−x+ipiλF
)
− c.c
]
(6.86)
6.4 Critical Fermions
The finite temperature 2-point function of the stress tensor in the Critical Fermion theory
can be immediately derived from the result in 6.86 corresponding to the Regular Fermion
theory by replacing µF with µF,c which is the thermal mass of the fundamental fermions
in the critical theory. The reasoning here is identical to what appeared in sections 4.4 and
5.4. Then from equation 6.86 we obtain〈
J˜
(2)
F,−−(−q)J˜ (2)F,++(q)
〉
β
=
iNF
128piλF q3β4
(
1− eiq3βFF (q3β,µF,c)
) (
q23β
2 + 4µ2F
) (
q23β
2 − 4µ2F,c + 4iq3β sgn(λF )µF,c
)
+
iNF
96piλFβ3
[
2µ2F,c (3q3β − 2isgn(λF )µF,c)− 3iq23β2 sgn(λF )µF,c
]
+
NF
12piβ3
µ3F,c −
iNF
4pi2λFβ3
∫ ∞
µF,c
dx x
[
Li2
(
−e−x+ipiλF
)
− c.c
]
(6.87)
6.5 Duality Check
Let us now check if the above results are consistent with bosonization dualities. For this
we will only consider here the Regular Fermion and Critical Boson theories. Applying
the duality map from 4.83 and using 4.84 in 6.86 we find that the 2-point function in the
Regular Fermion theory transforms to the stress tensor 2-point function in the Critical
Boson theory upto the following extra terms
− iNB
64piλBβ2
q3
(
q23β
2 + 4µ2B,c
)
(6.88)
Now the first term in the above is a contact term since after Fourier transforming to
position space it is the derivative of a delta function. This can be removed by adding a
counterterm to the action of the Critical Boson theory which involves a gravitational Chern
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Simons term for the background metric that couples to the stress tensor. We again refer
the reader to [32], for a discussion on contact terms in stress tensor correlators in 3-d QFTs.
The second piece proportional to the thermal mass in 6.88 is however quite puzzling. We
can not qualify it as a contact term in the standard sense even though in position, its
contribution is a delta function. This is because the coefficient of this term is temperature
dependent and so it is not clear if it can be removed via addition of local counterterms.
At this moment we are unable to provide a satisfactory resolution of this problem. One
possibility is that this piece is an artifact of the cutoff regularisation scheme that we have
been using throughout this paper. It has to be checked whether this extra term survives
in an alternative scheme such as dimensional regularisation. We leave a careful treatment
of this problem to future work5.
7 Discussions and Future Directions
We conclude this paper by highlighting a number of avenues which we regard as being
worthy of further exploration. First of all, let us discuss some potential generalisations of
the results presented here. An immediate generalisation would be to consider distributions
for the thermal holonomy other than the universal form considered in this paper. It should
be fairly straightforward to include a finite chemical potential as well for the conserved U(1)
current. We can also consider mass deformations of the Chern Simons matter theories that
we have studied here. Although this will drive us away from the conformal fixed point
where we have chosen to focus our attention throughout this paper, it certainly opens up
the possibility of exploring a much richer structure. For example, it will be interesting to
consider thermal correlators in various phases such as the Higgsed and condensed phases.
Another interesting direction would be to generalise our calculation of 2-point functions to
the case of higher spin currents greater than 2. There are tentative hints of some general
structures in our finite temperature results for spin s = 1 and s = 2 and it will be good
to check how much, if any, of this structure survives for higher spins and gain a physical
understanding thereof. It will be fruitful to even attempt to compute higher point thermal
correlators. The simplest yet nontrivial case will then involve 3-point thermal correlators
of spin s current operators, which can be obtained by generalising the corresponding zero
temperature calculation that has already been performed in [5].
Let us now mention some interesting applications of the results in our paper. In
conformal field theories at finite temperatures local primary operators can have nontrivial
one-point functions. In the class of CFTs that we have considered in this paper, we
can extract such thermal one-point functions starting from thermal 2-point functions by
considering an OPE limit. For example, it will be very interesting to obtain the thermal
one-point functions of the single trace spin s currents J (s) from our expressions for the
2-point functions of gauge invariant operators. Now in momentum space the OPE regime
corresponds to a large spatial momentum expansion. However the correlators that we have
computed are all in the special kinematic regime where the external spatial momentum has
5We thank Shiraz Minwalla for discussions regarding this issue and for suggesting to us the implemen-
tation of dimensional regularisation scheme.
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been set to zero. Therefore it will be worthwhile to try to extend our calculations to the case
of generic spatial momentas. Although the relevant Schwinger-Dyson equations can not be
exactly solved in the t’Hooft coupling at large N in this case, we can hope to make progress
by analysing the Schwinger-Dyson equations in the limit |~q|β  1, with q being the external
momentum in the correlator. As an alternative approach towards obtaining thermal 1-point
functions in Chern Simons matter theories, we can employ analytic conformal bootstrap
techniques which have been recently developed for finite temperature CFTs, [33]. Chern
Simons matter theories at zero temperature have also been studied recently via conformal
bootstrap methods in [34]. It will be interesting to generalise the results obtained in that
paper to finite temperature using the formalism developed in [33].
Another area worth exploring will be the finite temperature real time dynamics of
these Chern Simons matter theories. In this regard we can consider analytically continuing
the Matsubara frequencies in the Euclidean thermal 2-point functions that we have com-
puted to obtain the corresponding finite temperature Lorentzian correlators. These can
be potentially useful for studying transport phenomena,[7],[29]. Further, as noted in the
introduction, 3-d Chern Simons theories with fundamental matter fields are also supposed
to be holographically dual to Vasiilev’s higher spin theories of gravity in AdS4. We will
like to understand what lessons can we learn about the physics of black holes in the bulk
higher spin theory [35] from our finite temperature computations in the boundary field
theory side. Can we see for example poles that may correspond to quasinormal modes in
the spectral functions obtained from our thermal 2-point functions ?
Finally let us mention another direction that we find worth pursuing further. The
Chern Simons matter theories of interest to us here have an infinite tower of higher spin
currents which are exactly conserved in the strict large N limit. Including 1/N corrections
leads to a breaking of the higher spin symmetries associated with these currents. Now the
Ward identities for these weakly broken higher spin symmetries turn out to impose powerful
constraints. For example it completely determines the structure of all zero temperature 3-
point functions involving spin s currents as shown in [36].[37]. In the context of this paper,
it will be fruitful to analyse what constraints do the breaking of higher spin symmetries
impose on thermal correlations functions.
We hope to address the issues discussed above in future work.
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A Appendix
A.1 Notation and Conventions
Here we list our choice of conventions used in the paper.
Choice of Gamma matrices
We have chosen the gamma matrices γµ, with µ ∈ (1, 2, 3) to be given by Pauli sigma
matrices.
γµ = {σ1, σ2, σ3} (A.1)
In this paper we frequently make use of light-cone coordinates for the spatial directions.
The gamma matrices corresponding to the light-cone directions are defined as
γ± =
γ1 ± iγ2√
2
(A.2)
Convention for Fourier Transformation
The Fourier transforms that we consider throughout this paper are mostly at finite tem-
perature. Our convention for this is as follows
φ(x3, ~x) =
1
β
∑
n
∫
d2~k
(2pi)2
eik3x
3+i~k.~xφ(k3,~k) (A.3)
where k3 =
2pin
β . For bosonic functions, n ∈ Z , since in that case we impose periodic
boundary conditions along the compact Euclidean time direction. In case of fermions,
n ∈ Z+ 1/2 due to anti-periodic boundary conditions around the thermal circle.
A.2 Gamma Matrix Identities
The following identities involving gamma matrices have been used in our calculations.
aµbνγ
[3|γµγνγ|+] = 2a.bγ+ + 2(a3b− − a−b3)1
aµγ
[3|γµγ+γ|+] = aµγ[3|γ+γµγ|+] = 2a−γ+
(A.4)
The above can be easily derived using the definition A.2 and the algebra satisfied by
the gamma matrices which is given by,
[γµ, γν ] = 2iεµνργρ (A.5)
– 53 –
A.3 Angular Integrals
We list here the results of the angular integrals that we have used in our computations.
These integral can be performed by contour techniques. We show here the calculation of
one simple angular integral for clarity and the same applies for the rest of them.
Let us consider the integral, ∫ 2pi
0
dθ
1
(`− k)+ (A.6)
Here, θ is the angle between the spatial vectors ~` and ~k. Now, we can write `+ = `s√
2
eiθ
and k+ = ks√
2
, where it is understood that the vector ~k has been oriented along one of
the spatial axes, thereby reducing the complication of introducing a phase for k+. Then
making the following change of variables z = eiθ, A.6 takes the form of a contour integral∫ 2pi
0
dθ
1
(`− k)+ =
∮
Γ
dz
iz
√
2
`s
(
z − ks`s
)
where the contour Γ is the unit circle |z| = 1 in the complex plane. Performing the
integral using Cauchy’s residue theorem, we can easily see that the above reduces to∫ 2pi
0
dθ
1
(`− k)+ = −
2pi
k+
Θ(ks − ls) (A.7)
Now similar manipulations yield the following general result.∫ 2pi
0
dθ
(`+)s
(`− k)+ = 2pi(k
+)s−1Θ(`s − ks) ; where s ∈ Z+ (A.8)
Then using equations A.7 and A.8, we find the following the results for the relevant
angular integrals encountered in the main text.∫ 2pi
0
dθ
(`+ + k+)
(`+ − k+) = 2pi [Θ (`s − ks)−Θ (ks − `s)] (A.9)
∫ 2pi
0
dθ
(`+ k)−
(`− k)+ = −2pi
k−
k+
(
1 +
`2s
k2s
)
Θ(ks − `s) (A.10)
∫ 2pi
0
dθ1
∫ 2pi
0
dθ2
1
(`2 − k)+(`1 − `2)+ =
(−2pi)2
(k+)2
Θ(ks − `s,2)Θ(`s,2 − `s,1) (A.11)
∫ 2pi
0
dθ1
∫ 2pi
0
dθ2
∫ 2pi
0
dθ3
(`1 + k)
+
(`1 − k)+(`1 − `2)+(`3 − `1)+
=
2(2pi)3
(k+)2
Θ(ks − `s,1)Θ(`s,1 − `s,2)Θ(`s,1 − `s,3)
(A.12)
∫ 2pi
0
dθ1
∫ 2pi
0
dθ2
∫ 2pi
0
dθ3
(`1 + k)
+
(`1 − k)+(`2 − `3)+(`3 − `1)+
=
2(−2pi)3
(k+)2
Θ(ks − `s,1)Θ(`s,3 − `s,2)Θ(`s,1 − `s,3)
(A.13)
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A.4 Matsubara Sums and Holonomy Integrals
In this section of the Appendix we collect some results for the Matsubara sums and thermal
holonomy integrals which feature in our analysis of finite temperature correlators. Note
that the following discussion will be for general q, where q is external momentum flowing
through the current vertices. The results used in the main text of the paper are then
obtained by setting q± = 0 in the following results.
Fermionic Theories
In the Chern Simons theories coupled to fundamental fermionic matter fields, the Mat-
subara sums that we encounter in the calculation of finite temperature vertex factors and
2-point functions are as follows
MF,1 =
∞∑
n=−∞
1(
(˜`− q)2 + β−2µ2F
)(
˜`2 + β−2µ2F
) (A.14)
MF,2 =
∞∑
n=−∞
˜`
3(
(˜`− q)2 + β−2µ2F
)(
˜`2 + β−2µ2F
) (A.15)
and
MF,3 =
∞∑
n=−∞
˜`
3(˜`3 − q3)(
(˜`− q)2 + β−2µ2F
)(
˜`2 + β−2µ2F
) (A.16)
where the sum with respect to n is over half-integers due to anti-periodic boundary
conditions for the fermions along the thermal circle. Now doing these sums using Mathe-
matica we find
MF,1 =
β
4
1[(
q23 + q
2
s − 2~q.~`
)2
+ 4q23
(
`2s +m
2
F
)]
q23 + q2s − 2~q.~`√
`2s +m
2
F
SF,1 +
q23 − q2s + 2~q.~`√
(~`− ~q)2 +m2F
SF,2

+
1
2
iq3β[(
q23 + q
2
s − 2~q.~`
)2
+ 4q23
(
`2s +m
2
F
)] [SF,3 + SF,4]
(A.17)
MF,2 =
iβ
4
1[(
q23 + q
2
s − 2~q.~`
)2
+ 4q23
(
`2s +m
2
F
)] (q23 + q2s − 2~q.~`) (SF,1 + SF,2)
+
q3β
2
√
`2s +m
2
F SF,3[(
q23 + q
2
s − 2~q.~`
)2
+ 4q23
(
`2s +m
2
F
)]
+
q3β
4
1[(
q23 + q
2
s − 2~q.~`
)2
+ 4q23
(
`2s +m
2
F
)]
(
q23 + q
2
s − 2~q.~`+ 2`2s + 2m2F
)
√
(~`− ~q)2 +m2F
SF,4
(A.18)
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and,
MF,3 =
1
4
(
q23 + q
2
s − 2~q.~`
)
[(
q23 + q
2
s − 2~q.~`
)2
+ 4q23
(
`2s +m
2
F
)]
(√
x2 + µ2F SF,1 +
√
z2 + µ2F SF,2
)
− iq3β
4
(
q23 + q
2
s − 2~q.~`+ 2`2s + 2m2F
)
[(
q23 + q
2
s − 2~q.~`
)2
+ 4q23
(
`2s +m
2
F
)](SF,3 + SF,4)
(A.19)
where mF = β
−1µF and SF,i with i ∈ (1, 2, 3, 4) appearing in equations A.17, A.18
and A.19 are given by
SF,1 = tanh
[
1
2
√
x2 + µ2F + ipi|λF |u
]
+ c.c, SF,2 = tanh
[
1
2
√
z2 + µ2F + ipi|λF |u
]
+ c..c
SF,3 = tanh
[
1
2
√
x2 + µ2F + ipi|λF |u
]
− c.c, SF,4 = tanh
[
1
2
√
z2 + µ2F + ipi|λF |u
]
− c.c
(A.20)
with x = β`s, z = β
√
(~`− ~q)2. Now we turn to the holonomy integrals which in this
case are as follows,
MF,1 =
∫ 1/2
−1/2
du MF,1
=
β
4
1[(
q23 + q
2
s − 2~q.~`
)2
+ 4q23
(
`2s +m
2
F
)]
q23 + q2s − 2~q.~`√
`2s +m
2
F
h(x, µF ) +
q23 − q2s + 2~q.~`√
(~`− ~q)2 +m2F
h(z, µF )

(A.21)
MF,2 =
∫ 1/2
−1/2
du MF,2 =
iβ
4
(
q23 + q
2
s − 2~q.~`
)
(h(x, µF ) + h(z, µF ))[(
q23 + q
2
s − 2~q.~`
)2
+ 4q23
(
`2s +m
2
F
)] (A.22)
MF,3 =
∫ 1/2
−1/2
du MF,3
=
1
4
(
q23 + q
2
s − 2~q.~`
)(√
x2 + µ2F h(x, µF ) +
√
z2 + µ2F h(z, µF )
)
[(
q23 + q
2
s − 2~q.~`
)2
+ 4q23
(
`2s +m
2
F
)] (A.23)
where h(x, µF ) is given by
h(x, µF ) =
∫ 1/2
−1/2
du
[
tanh
(
1
2
√
x2 + µ2F − ipi|λF |u
)
+ c.c
]
=
2i
|λF |pi
[
log
(
cosh
(
1
2
√
x2 + µ2F −
ipi|λF |
2
))
− c.c
] (A.24)
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Bosonic Theories
In case of the Chern Simons theories coupled to fundamental bosons we have the same
type of Matsubara sums as in equations A.14, A.15, A.17. The only difference now is that
the sum with respect to n runs over integers due to periodic boundary conditions for the
bosons around the thermal circle. Also, we have µB, the bosonic theory’s thermal mass
instead of µF . Then doing the Matsubara sums using Mathematica we get
MB,1 =
∞∑
n=−∞
1(
(˜`− q)2 + β−2µ2B
)(
˜`2 + β−2µ2B
)
=
β
4
1[(
q23 + q
2
s − 2~q.~`
)2
+ 4q23
(
`2s +m
2
B
)]
q23 + q2s − 2~q.~`√
`2s +m
2
B
SB,1 +
q23 − q2s + 2~q.~`√
(~`− ~q)2 +m2B
SB,2

+
1
2
iq3β[(
q23 + q
2
s − 2~q.~`
)2
+ 4q23
(
`2s +m
2
B
)] [SB,3 + SB,4]
(A.25)
MB,2 =
∞∑
n=−∞
˜`
3(
(˜`− q)2 + β−2µ2B
)(
˜`2 + β−2µ2B
)
=
iβ
4
1[(
q23 + q
2
s − 2~q.~`
)2
+ 4q23
(
`2s +m
2
F
)] (q23 + q2s − 2~q.~`) (SB,1 + SB,2)
+
q3β
2
√
`2s +m
2
B SB,3[(
q23 + q
2
s − 2~q.~`
)2
+ 4q23
(
`2s +m
2
B
)]
+
q3β
4
1[(
q23 + q
2
s − 2~q.~`
)2
+ 4q23
(
`2s +m
2
B
)]
(
q23 + q
2
s − 2~q.~`+ 2`2s + 2m2B
)
√
(~`− ~q)2 +m2B
SB,4
(A.26)
and
MB,3 =
∞∑
n=−∞
˜`
3(˜`3 − q3)(
(˜`− q)2 + β−2µ2B
)(
˜`2 + β−2µ2B
)
=
1
4
(
q23 + q
2
s − 2~q.~`
)
[(
q23 + q
2
s − 2~q.~`
)2
+ 4q23
(
`2s +m
2
B
)]
(√
x2 + µ2B SB,1 +
√
z2 + µ2B SB,2
)
− iq3β
4
(
q23 + q
2
s − 2~q.~`+ 2`2s + 2m2F
)
[(
q23 + q
2
s − 2~q.~`
)2
+ 4q23
(
`2s +m
2
B
)](SB,3 + SB,4)
(A.27)
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where mB = β
−1µB and SB,i with i ∈ (1, 2, 3, 4) in equations A.25, A.26 and A.27 are
given by
SB,1 = coth
[
1
2
√
x2 + µ2B + ipi|λB|u
]
+ c.c, SB,2 = coth
[
1
2
√
z2 + µ2B + ipi|λB|u
]
+ c..c
SB,3 = coth
[
1
2
√
x2 + µ2B + ipi|λB|u
]
− c.c, SB,4 = coth
[
1
2
√
z2 + µ2B + ipi|λB|u
]
− c.c
(A.28)
with x = β`s, z = β
√
(~`− ~q)2. Next, the holonomy integrals can be straightforwadly
done to give
MB,1 =
∫ 1/2
−1/2
du MB,1
=
β
4
1[(
q23 + q
2
s − 2~q.~`
)2
+ 4q23
(
`2s +m
2
B
)]
q23 + q2s − 2~q.~`√
`2s +m
2
B
h(x, µB) +
q23 − q2s + 2~q.~`√
(~`− ~q)2 +m2B
h(z, µB)

(A.29)
MB,2 =
∫ 1/2
−1/2
du MB,2 =
iβ
4
(
q23 + q
2
s − 2~q.~`
)
(h(x, µB) + h(z, µB))[(
q23 + q
2
s − 2~q.~`
)2
+ 4q23
(
`2s +m
2
B
)] (A.30)
MB,3 =
∫ 1/2
−1/2
du MB,3
=
1
4
(
q23 + q
2
s − 2~q.~`
)(√
x2 + µ2B h(x, µB) +
√
z2 + µ2B h(z, µB)
)
[(
q23 + q
2
s − 2~q.~`
)2
+ 4q23
(
`2s +m
2
B
)] (A.31)
In the above equations, h(x, µB) is given by
h(x, µB) =
∫ 1/2
−1/2
du
[
coth
(
1
2
√
x2 + µ2B − ipi|λB|u
)
+ c.c
]
=
2i
|λB|pi
[
log
(
sinh
(
1
2
√
x2 + µ2B −
ipi|λB|
2
))
− c.c
] (A.32)
A.5 Evaluating FB(q3β, µB) and FF (q3β, µF )
The results for thermal correlation functions obtained in this paper involve the function
FB(q3β, µB) and FF (q3β, µF ) in the bosonic and fermionic theories respectively. These ad-
mit integral expressions which are given in equations 4.21 and 4.62. In this section of the
Appendix we will show that these integrals can indeed be explicitly done. We choose to fo-
cus on the bosonic case here. An entirely analogous result holds in the fermion case as well.
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We have,
FB(q3β, µB) =
∫ ∞
0
dx xHB(x, q3β, µB)
=
4i
pi
sgn(λB)
∫ ∞
0
dx x
[
log
(
sinh
(
1
2
√
x2 + µ2B − ipi|λB |2
))
− c.c
]
√
x2 + µ2B
(
4x2 + 4µ2B + q
2
3β
2
) (A.33)
Using Schwinger parametrisation we can write,
1
4x2 + 4µ2B + q
2
3β
2
=
∫ ∞
0
du e−(4x
2+4µ2B+q
2
3β
2)u (A.34)
Plugging this into A.33 we get,
FB(q3β, µB) =
∫ ∞
0
du e−(4µ
2
B+q
2β2)u I (u, µB) (A.35)
where we have defined
I (u, µB) =
∫ ∞
0
dx e−4x
2u x
h(x, µB)√
x2 + µ2B
(A.36)
and
h(x, µB) =
4i
pi
sgn(λB)
[
log
(
sinh
(
1
2
√
x2 + µ2B −
ipi|λB|
2
))
− c.c
]
(A.37)
Now we can do the u-integral in A.35 by Taylor expanding I (u, µB) around u = 0.
But this is a bit problematic because in this case the Taylor series coefficients will contain
divergent integrals coming from expanding A.36 around u = 0. To avoid this issue let us
proceed as follows.
Note that h(x, µB) satisfies the following relation
h(x, µB) =
4i
pi
sgn(λB)
−ipi|λB|+
√
x2 + µ2B
x
dg(x, µB)
dx
 (A.38)
where
g(x, µB) = Li2
(
e−
√
x2+µ2B+ipi|λB |
)
− c.c (A.39)
Using the above in equation A.36 we then obtain,
I (u, µB) =
3∑
j=1
Ij (u, µB) (A.40)
where,
I1 (u, µB) = 4λB
∫ ∞
0
dx
xe−4x2u√
x2 + µ2B
= pi1/2λB
e4uµ
2
B
u1/2
(−1 + Erfc (2µB√u)) (A.41)
– 59 –
with Erfc(x) denoting the error function.
I2 (u, µB) = 4i
pi
sgn(λB)
(
g(x, µB)e
−4x2u
)∞
0
=
4i
pi
sgn(λB)
[
Li2
(
e−µB−ipi|λB |
)
− c.c
]
(A.42)
I3 (u, µB) = 16 i
pi
sgn(λB)u
∫ ∞
0
dx xg(x,mth)e
−4x2u
=
16 i
pi
sgn(λB)
∞∑
n=0
(−4)nun+1
n!
∫ ∞
0
dx x2n+1 g(x, µB)
(A.43)
where in the last line of the integral expression for I3 we have Taylor expanded around
u = 0. Since g(x, µB) goes to zero exponentially fast for large x, the last integral in A.43
is UV finite. Now we can do the u-integral in A.35 to get,
FB(q3β, µB) =
3∑
i=1
Ai(q3β, µB) (A.44)
where,
A1(q3β, µB) =
∫ ∞
0
du e−(4µ
2
B+q
2
3β
2)u I1 (u, µB) = λB
q3β
(
pi − 2arctan
(
2µB
q3β
))
(A.45)
A2(q3β, µB) =
∫ ∞
0
du e−(4µ
2
B+q
2
3β
2)u I2 (u, µB) = 4i
pi
sgn(λB)
[
Li2
(
e−µB+ipi|λB |
)− c.c](
q23β
2 + 4µ2B
)
(A.46)
A3(q3β, µB) =
∫ ∞
0
du e−(4µ
2
B+q
2
3β
2)u I3 (u, µB) = 16 i
pi
sgn(λB)
∞∑
n=0
cn(
q23β
2 + 4µ2B
)n+2
(A.47)
and in the last expression, the coefficients cn are given by UV finite integrals of the
following form,
cn = (−4)n(n+ 1)
∫ ∞
0
dx x2n+1 g(x, µB) (A.48)
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